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Abstract 



0^ 
O . 

OO . Bundle gerbes with connection and their modules play an important 

' role in the theory of two-dimensional sigma models with a background 

Wess-Zumino flux: their holonomy determines the contribution of the flux 
to the Feynman amplitudes of classical flelds. We discuss additional struc- 
tures on bundle gerbes and gerbe modules needed in similar constructions 



' for orientifold sigma models describing closed and open strings. 
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1 Introduction 

Bundle gerbes [18] are geometric structures related to sheaves of line bun- 
dles, see [25, 19] for recent historical essays. They appear naturally in the 
mathematical context of lifting principal G-bundles to G-bundles for central 
extensions G of a Lie group G by a circle. In the physical context, they arise 
in studies of quantum field theory anomahes [6] or, together with bundle 
gerbe modules, in a construction of groups of string theory charges [2]. The 
present paper has been mainly motivated by the role that bundle gerbes 
equipped with hermitian connections play in the theory of two-dimensional 
sigma models with a Wess-Zumino (WZ) term [28, 20] in the action func- 
tional. Classically, the fields of such a sigma model are maps 4> from a 
two-dimensional surface S, called the worldsheet, to the target manifold M 
equipped with a metric and a closed 3-form H. The WZ term describes the 
background i^-fiux. Locally, it is given by integrals of the pullbacks (p*B of 
local Kalb-Ramond 2-forms B on M such that dB = H. The ambiguities in 
defining such a functional S'wz(</') globally in topologically non-trivial situ- 
ations were originally studied with cohomology techniques in [1] and [9] for 
closed worldslieets, and in [15] for worldsheets with boundary. They may be 
sorted out systematically using bundle gerbes with connection over the mani- 
fold M and, in the case with boundary, bundle gerbe modules, see [11, 5, 10]. 
In particular, a choice of a bundle gerbe Q with connection, whose curvature 
3-form is H, determines unambiguously the Feynman amplitudes e^'^^^^'^^ on 
closed oriented worldsheets E. In the beginning of Section 2 of this article, 
we recall the definition [18] of bundle gerbes with connection and review 
their 1-morphisms and the 2-morphisms between 1-morphisms, all together 
forming a 2-category [24, 26]. 

The WZ term in the action functional plays an essential role in Wess- 
Zumino- Witten (WZW) sigma models [27], assuring their conformal sym- 
metry on the quantum level and rendering them soluble. The target space of 
a WZW sigma model is a compact Lie group G equipped with a bundle gerbe 
whose curvature is a bi-invariant closed 3-form H. Bundle gerbes and their 
modules are specially useful in treating the case [7] of WZW models with 
non-simply connected target groups G' that are quotients of their covering 
groups G by a finite subgroup Tq of the center Z(G) of G [12]. A gerbe 
Q' over G' = G/Tq may be thought of as a gerbe Q over G equipped with 
a Fo-equivariant structure that picks up in a consistent way isomorphisms 
between the pullback gerbes 7*^ and Q for each element 7 G Fq. The notion 
of equivariant structures on gerbes extends to the case of gerbes over gen- 
eral manifolds M on which a finite group Fq acts preserving the curvature 
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3-form H, possibly with fixed points. A gerbe over M with such an equi- 
variant structure may be thought of as a gerbe over the orbifold M /Tq and 
it may be used to define the WZ action functional for sigma models with the 
orbifold target. Gerbes with equivariant structures with respect to actions 
of continuous groups will be discussed elsewhere, see also [16]. They find 
application in gauged sigma models with WZ term. 

Motivated by the theory of unoriented strings [22, 21], one would like to 
define the WZ action functional for unoriented (in particular unorientable) 
worldsheets S. More exactly, one considers so-called orientifold sigma mod- 
els. Their classical fields (f> map the oriented double S, which is equipped 
with an orientation-changing involution a such that S = S/cr, to the target 
M equipped with an involution k so that cf) o a = k o cj). Assuming that 
k* H = —H , one may define the WZ action functional for such fields using a 
gerbe Q over M with curvature H additionally equipped with a Jandl struc- 
ture [23]. Such a structure on Q may be considered as a twisted version of 
a Z2-equivariant structure for the Z2 action on M defined by A;. It picks up 
in a consistent way an isomorphism between k*Q and the dual gerbe Q* . 

One may consider more general orientifold sigma models with the WZ 
term, corresponding to an action on M of a finite group V with elements 
7 such that 7*i7 = e{'y)H for a homomorphism e from F to {±1} = Z2. 
The notions of Fo-equivariant and Jandl structures on a gerbe Q may be 
merged into the one of a (F, e)-equivariant structure, which we shall also 
call a twisted-equivariant structure. Such a structure consistently picks up 
isomorphisms between and either Q or Q* , according to the sign of £(7). 
The twisted-equivariant structures on gerbes are introduced in Section 1 and 
are the main topic of the present article. A special case of such structures 
occurs when the normal subgroup Fq = ker e of F acts on M without fixed 
points. If e = 1 so that Fq = F, we are back to the correspondence between 
gerbes over M with Fo-equivariant structure and gerbes over M' = M/Tq. 
If e is non-trivial, so that F/Fq = Z2, then the action of F on M induces a 
Z2-action on M' , with the non-trivial element of 7,2 acting as an involution 
k' inverting the sign of the projected 3-form H' . In this situation, gerbes over 
M with curvature H and (F, e)-equivariant structure correspond to gerbes 
over M' with curvature H' and a Jandl structure. This descent theory for 
bundle gerbes is discussed in Section 2. 

The present article provides a geometric theory extending and complet- 
ing the discussion of our previous paper [14] that was devoted to the study 
of gerbes with twisted-equivariant structures over simple simply connected 
compact Lie groups. Such gerbes are needed for applications to the orien- 
tifolds of WZW models. In [14], we used a local description of gerbes and 
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cohomological tools. Sections of the present paper establishes the relation 
between the geometric and cohomological languages. 

For oriented worldsheets E with boimdary, the classical fields : S — ^ M 
are often constrained to take values in special submanifolds D of M on the 
boundary components of S. Such submanifolds are called (D-)branes in 
string theory. The extension of the definition of the WZ action to this case 
requires a choice of a bundle gerbe Q with curvature H and of gerbe modules 
over the submanifolds D. Gerbe modules may be viewed as vector bundles 
with connection twisted by the gerbe. In the context of the 2-category of 
bundle gerbes, they can also be viewed as particular 1-morphisms [26]. In 
Section 4, we adapt this notion to the case of gerbes with (F, e)-equivariant 
structures needed for applications to orientifold sigma models on worldsheets 
with boundary. We also discuss a presentation of such gerbe modules in 
terms of local data and develop their descent theory. 

The Feynman amplitudes e^^^'^^'^^ of fields defined on closed world- 
sheets are given by the holonomy of gerbes [11]. In the case of unoriented 
worldsheets, the gerbes have to be equipped additionally with a Jandl struc- 
ture [23]. For oriented worldsheets with boundary, the holonomy giving the 
Feynman amplitudes receives also contributions from the gerbe modules over 
the brane worldvolumes that provide the boundary conditions of the theory 
[11, 5, 10]. In this article, we introduce a generalization of both notions 
for unoriented worldsheets with boundary using gerbe modules for gerbes 
with Jandl structure. This is discussed in both the geometric and the local 
language in Sections. 

In Conclusions, we summarize the contents of the present paper and sketch 
the directions for further work that includes extending the discussion [14] of 
the orientifold WZW models on closed worldsheets to the ones on worldsheets 
with boundary. 

Acknowledgements. K.G. and R.R.S. acknowledge the support of 
Agence National de Recherche under the contract ANR-05-BLAN-0029-03. 

K.W. acknowledges the support of the Collaborative Research Centre 676 
"Particles, Strings and the Early Universe" and thanks ENS-Lyon for kind 
hospitality. 

2 Twisted-Equivariant Bundle Gerbes 

We review bundle gerbes and their algebraic structure in Section 2.1 and 
define twisted-equivariant structures on them in Section 2.2. Twisted- 
equi variant structures include two extremal versions: the untwisted one. 
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which is just an ordinary equivariant structure, and the twisted Z2- 
equivariant one, which coincides, as we discuss in Section 2.3, with a Jandl 
structure. 



2.1 The 2-Category of Bundle Gerbes 



In the whole article, we work with the following conventions: 

• Vector bundles are hermitian vector bundles with unitary connection, 
and isomorphisms of vector bundles respect the hermitian structure 
and the connections. These conventions in particular apply to line 
bundles. 

• If TT : y — ^ M is a surjective submersion between smooth manifolds, 
we denote by 

:= Yxm... XmY 

the A;-fold fibre product of Y with itself (composed of the elements in 
the Cartesian product whose components have the same projection to 
M). The fibre products are, again, smooth manifolds in such a way 
that the canonical projections 7ri^...i^ : yl'^l — ^ yM are smooth maps. 

In the following, we collect the basic definitions. 

Definition 2.1 ([18]). A bundle gerbe Q over a smooth manifold M is a 
surjective submersion vr : Y — *- M, a line bundle L over yl^l, a 2-form 
C € r2^(y), and an isomorphism 

12 : 'KI2L ® TT23L TTigL 

of line bundles overY^'^^, such that two axioms are satisfied: 

(Gl) The curvature of L is fixed by 

curv(L) = TT^C - Trie. 
(G2) // is associative in the sense that the diagram 



id®7r^34Ai 



TT^nL (g) TtXaL 5- TT^aL 

of isomorphisms of line bundles over y W is commutative. 
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Example 2.2. On any smooth manifold M, tliere is a family of trivial 
bundle gerbes over M, labelled by 2-forms u; G n^{M). The surjective sub- 
mersion of Jti, is y := M and the identity tt := idM, the line bundle over 
y[2] ^ M IS the trivial line bundle (equipped with the trivial flat connec- 
tion), and the isomorphism is the identity between trivial line bundles. Its 
2-form is the given 2-form C := u. 



Associated to a bundle gerbe Q over M is a 3-form H G Q'^{M) called 
the curvature of Q. It is the unique 3-form which satisfies Tr*H = dC. The 
trivial bundle gerbe I^, has the curvature da;. 

We would like to compare two bundle gerbes using a notion of morphisms 
between bundle gerbes. The morphisms between such gerbes which we con- 
sider here have been introduced in [26]. For simplicity, we work with the 
convention that we do not label or write down pullbacks along canonical 
projection maps, such as in (1) and (IMl) below. 

Definition 2.3. Let Q\ and Q2 be bundle gerbes over M . A 1-morphism 

consists of a surjective submersion 1^ : Z — >■ Yi XmY2, cl vector bundle A 
over Z, and an isomorphism 

(1) a:Li(g> C2A CiA (g) L2 

of vector bundles over Z Xm Z, such that two axioms are satisfied: 

(IMl) The curvature of A obeys 

itr(curv(^))=C2-Ci, 

where n is the rank of A. 
(1M2) The isomorphism a commutes with the isomorphisms fii and ^2 of 
the gerbes Qi and Q2 in the sense that the diagram 



cr2'- 



QA Cr2^2 (8) C2*3^2 



idi8)/Li2 



QA ® (1*3^^2 



of isomorphisms of vector bundles over ZxmZxmZ is commutative. 
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These 1-morphisms are generahzations of so-called stable isomorphisms 
[17]. They are generalized in two aspects: we admit vector bundles of rank 
possibly higher than 1 (this makes it possible to describe gerbe modules by 
morphisms) , and these vector bundles live over a more general space Z than 
just the fibre product Yi Xm ^2 (this makes the composition of morphisms 
easier) . 

A 1-morphism A : Q — ^ Q' requires that the curvatures of the bundle 
gerbes Q and Q' coincide. This follows from axiom (IMl) and the fact that 
the trace of the curvature of a vector bundle is a closed form. 

Example 2.4. Every bundle gerbe Q has an associated 1-morphism 

idg : Q ^ Q 

defined by the identity surjective submersion idz of Z := Y^ , the line bundle 
^ := L of the bundle gerbe Q itself, and the isomorphism 

ttI^L Tr^4^L — ^"^^ > ttI^^L — ^ ■jj-'^^L (g) 7r|4L 

of line bundles over Z x m Z = Y^^\ where we have identified Ci = t^u and 
C2 = 7r34. The axioms for this 1-morphism follow from the axioms of the 
bundle gerbe Q. 



The 2-categorial aspects of the theory of bundle gerbes enter when one 
wants to compare two 1-morphisms. 



Definition 2.5. Let A : Qi ^ Q2 and A' : Gi 

between bundle gerbes over M . A 2-morphism 



Q2 be 1-morphisms 



P:A 

is a surjective submersion co : W — 
together with a morphism Pw : Ai - 
that the diagram 



A' 



(2) 



Li (g) 

idig)a;|/3vK 

Li (g) 



LO2A2 



ai 



Zi Xp Z2, where P := Yi Xm Y2, 
A2 of vector bundles over W , such 

ulAi (g) L2 



a2 



■CjIA2 



®L2 



of morphisms of vector bundles over Wx?^,iW is commutative. We shall often 
omit the subscript in fiw if it is clear from the context that the notation refers 
to the bundle isomorphism. 



K. GAW^DZKI, R. R. SUSZEK, K. WALDORF 



7 



Due to technical reasons, one has to define a certain equivalence relation 
on the space of 2-morphisms [26], whose precise form is not important for 
this article. A 2-morphism /? : A => A' is invertible if and only if the 
morphism f3w of vector bundles is invertible. This, in turn, is the case if and 
only if the ranks of the vector bundles of A and A' coincide. 

Bundle gerbes over M, 1-morphisms and 2-morphisms as defined above 
form a strictly associative 2-category *B0rb(M) [26]. We describe below 
what that means. Most importantly for us, we can compose 1-morphisms: 

Definition 2.6. The composition of two 1-morphisms A : Qi — ^ G2 and 

A' : Q2 — ^ Qs is the 1-morphism 

A'oA-.Gi^ Gs 

defined by the following data: its surjective submersion is C, : Z — ^ Xm^Ij 
with Z := Z and the canonical projections to Y\ and Y^, its vector 

bundle over Z is A:= Ai^ A' , and its isomorphism is given by 

Li (8) Cli = -^^1 <^ QA C2A' 
QA L2 C2A' 

id(g)a' 

qa0CiA'0Ls = c;a^Ls. 

The axioms for this 1-morphism are easy to check. If we tacitly assume 
the category of vector spaces to be strictly monoidal, it turns out that the 
composition of 1-morphisms defined in this manner is, indeed, strictly asso- 
ciative, 

{A" oA')oA = A" o{A' oA). 

The simpUcity of Definition 2.6 (compared, e.g., to the one given in [24]) and 
the strict associativity of the composition of 1-morphisms are consequences 
of our generalized definition of 1-morphisms. One can now show 

Proposition 2.7 ([26]). A 1-morphism A : G — > G' is invertible, also 
called 1-isomorphism , if and only if its vector bundle is of rank one. 

In a 2-category, invertibility means that there exists a 1-isomorphism ,4"^ 
acting in the opposite direction, together with 2-isomorphisms 

(3) ii : A~^ o A => idg and v : idgi => A o A~^ 
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which satisfy certain coherence axioms [26]. The 2-category ©0tb(M) of 
bundle gerbes over M also provides the following structure: 

a) the vertical composition of two 2-morphisms /?i : A => A' and /?2 : 
A' => A" to a new 2-morphism 

P^.p^:A ^ A" 

which is associative and has units id^ for any 1-morphism A. 

b) the horizontal composition of two 2-morphisms /3i2 : .4.12 =^ A12 and 
P23 '■ A23 => A'2^ to a new 2-morpliism 

P23 ° P12 ■ A23 o A12 =^ A23 o A'12, 

which is compatible with the vertical composition. 

c) natural 2-isomorphisms 

(4) p_4 : idg^ o A => A and : ^1 o idg^ => A 
associated to any 1-morphism A : Gi — G2, which satisfy the equality 

(5) id^/ op_A = A^' o id^. 

The 2-category of bundle gerbes has pullbacks: for every smooth map 
/ : M — ^ A'', there is a strict 2-functor 

(6) /* : ^(5xb{N) 53©rb(M). 

Thus, for any bundle gerbe G, we have a pullback bundle gerbe f*G; for any 
1-morphism A : Gi — ^ G2, a pullback 1-morphism f*A : f*Gi — ^ f*G2] 
and for every 2-morphism (3 : A => A', a pullback 2-morphism : 
f*A => f*A'. These pullbacks are essentially defined as pullbacks of the 
surjective submersions and the structure thereon, details can be found in 
[26]. If a bundle gerbe G has curvature H, its pullback f*G has curvature 
f*H. The strictness of the 2-functor (6) means that f*idg — idf*g and 
f*{A' o ^) = f *A' o f *A whenever A and A' are composable 1-morphisms. 
U g : X — s- M is another map, we find (/ o g)* = g* o f*. 

In order to concentrate on what we need in this article, we define the 
dual G* of a bundle gerbe G without emphasizing its role in the 2-categorial 
context. G* consists of the same surjective submersion tt : Y — s- M as G, 
the 2-form — C G r2^(y), the line bundle L* over yt2] g^jj^j ^}jg inverse of the 
dual of the isomorphism fi, which is an isomorphism 

^ : TTi2L (g) 7r23-L ^ TTi^L 

of line bundles over y[3l. If H is the curvature of G, the curvature of G* is 
—H. If A : Gi — ^ G2 is a 1-morphism, we define an adjoint 1-morphism 

. g* _^ g* 
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in the following way: it consists of the same surjective submersion : 
Z — ^ Yi Xm Y2 as A, it has the vector bundle A* over Z, and the iso- 
morphism 

a*-^ : LI CIA* QA* L^ 

of vector bundles over Z Xm Z. The axioms for this 1-morphism follow 
immediately from those for A. Finally, for a 2- isomorphism /? : Ai => A2, 
we define an adjoint 2-isomorphism 

: Ai — > -4.2- 

It has the same surjective submersion uj : W — *- Zi Xp Z2 as (3, and the 
isomorphism : AI — ^ A2 of vector bundles over W. Notice that all 

these operations are strictly involutive: 

(7) g**=g , and f3'i^ = f3. 

Remark 2.8. In the context of some more structures in the 2-category 
®!©tb(M), as described in [26], namely a duality 2-functor ()* and a functor 
assigning inverses A~^ to 1-isomorphisms A, and certain 2-morphisms /?* : 
A2^ => Ai^ to 2-isomorphisms P : ^li => A2, we find A^ = A*-^ and 
/3t = /3#-i. 



2.2 Twisted-Equivariant Structures 

An orientifold group (F, e) for a smooth manifold M is a finite group F 
acting smoothly on the left on M, together with a group homomorphism 
e : F — >■ Z2 = {—1,1}. We label the diffeomorphisms implementing the 
action by the group elements themselves, for instance 7 : M — >■ M. Notice 
that 72 o 71 = 7271 ■ 

Next, we define an action of the orientifold group (F, e) on bundle gerbes 
over M and their 1- and 2-morphisms. The value 6(7) indicates whether a 
group element 7 G F acts just by pullback along 7"^ or also by additionally 
taking adjoints. Explicitly, for a bundle gerbe Q, we set 

^^f(7-^r(? if.(7) = i 

^ \{l-'rO* ife(7) = -l. 
Similarly, for a 1-morphism A : Q — ^ fi, we have a 1-morphism 

7-4 : 

defined by 




(7-^)M ife(7) = l 
(7-i)*^t ife(^) = -i. 
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Finally, for a 2-isomorphism (3 : A => A' , we have a 2-isomorphism 

7/? : 7^ =^ -yA' 

defined by 




(7-^)*/3 ife(7) = l 
(7-i)*/3t ife(7) = -l. 



Note that our conventions and (7) imply 

(7172) = 7172, 

so that 7 is a left action on gerbes and their 1- and 2-morphisms. We use 
the same notation for differential forms, i.e. 70; := e{'y){'y~^)*iO for any 
differential form u on M. If H is the curvature of a bundle gerbe Q, the 
curvature of 7^ is 'yH. 

Definition 2.9. Let (F, e) be an orientifold group for M and lei Q he a bundle 
gerbe over M . A (F, e)-equivariant structure on Q consists of 1 -isomorphisms 

A^-.g^ jQ 

for each 7 G F, and of 2-isomorphisms 

^71 ,72 • 71-^2 O -^71 — ^ -^172 

for each pair 71,72 G F, such that the diagram 

7l72Ay3 ° 71 A2 ° Al > 7l72Ay3 ° Al72 

>^17273 



We call a bundle gerbe Q with (F, e)-equivariant structure a (F, e)- 
equivariant bundle gerbe or twisted-equivariant bundle gerbe. If e is constant, 
a (F, e)-equivariant bundle gerbe Q is just called a T-equivariant bundle gerbe. 
The curvature H of a twisted-equivariant bundle gerbe satisfies ^yH = H. 
A twisted-equivariant structure on a bundle gerbe Q is called normalized if 
the following choices concerning the neutral group element 1 G F have been 
made: 

(a) the 1-isomorphism ^1 : Q — ^ Q is the identity 1-isomorphism idg; 

(b) the 2-isomorphism (fi^^ : Ajoidg => Ay is the natural 2-isomorphism 
A^.^ from the 2-category of bundle gerbes; 

(c) accordingly, the 2-isomorphism : id^g o Aj => A^ is the natural 
2-isomorphism pA from the 2-category of bundle gerbes. 



(8) 



71 l^T,2,73 0id 

7lv4-y2-y3 O Ayi 



■^71.7273 



of 2-isomorphisms is commutative. 
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Bundle gerbes with normalized twisted-equivariant structures will give rise 
to elements in normalized group cohomology, as we shall see in Section 
4. A twisted-equivariant structure on a bundle gerbe Q is called de- 
scended if all surjective submersions, i.e. the surjective submersions 
of the 1-isomorphisms Ay and the surjective submersions uo'^'^''^^ of the 2- 
isomorphisms (^71,72 1 are identities. This will be important in Section 3. 

Example 2.10. As an example, let us equip the trivial bundle gerbe I^j 
from Example 2.2 with a twisted-equivariant structure, for any orientifold 
group (r, e) of M. This is possible for 2-forms u € Q,'^{M) with 70; = uo for 
all 7 G r. Since then ^yl^j = ^'yui = ^ui, we may choose := idx<^ for all 
7 G r. Accordingly, we can also choose 

Diagram (8) commutes due to condition (5). We denote this canonical (T, e)- 
equivariant structure by J7^. It is normalized and descended. 



We recall that there exist canonical bundle gerbes over all compact simple 
Lie groups [16, 12]. All normalized twisted-equivariant structures on these 
canonical bundle gerbes were classified (up to equivalence defined below) 
in [14] using cohomological considerations (see also Section 4): they arise 
in numbers ranging from two to sixteen. The corresponding geometrical 
constructions will appear in [13]. 

Let us formulate the definition of a (F, e)-equivariant structure in terms of 
line bundles and their isomorphisms. For convenience, we assume the (F, e)- 
equivariant structure to be descended (see also Lemma 2.13 below). The 
pullback bundle gerbe (7"^)*^ has the surjective submersion tt^ : — ^ M 
in the commutative pullback diagram 




with := Y and t:^ := 7 o tt, and the rest of the data is the same as 
for Q. The 1-isomorphism Ay : Q — 7^ is now a line bundle over 
Z"^ ■.= Y v^mY^ and an isomorphism 

(9) 07 : TTigL ® -nli^A^ T^u^-y (8) 7124^'*^'^^ 
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of line bundles over Z'^ Xm Z'^, satisfying the compatibility axiom (1M2), 
namely 



5/i(giid 



(10) 



ttI^L (g) TT^^A^ ® vrlfiL^T) 



'34^7 



"'1234 '*7'^ 



7rl2A^^Tr*o,L<^^ 



46-' 



■''"l256'^7 



id®7rj4g/i' 



e(7) 



vrTo A 



12^7 



TT. 



Here, and in the following, we have regarded the fibre products of 
with itself as a subset of and respectively, and used the projec- 
tions TTij : — 9- carefully: in (9) we have well-defined projections 
7ri2,7r34 : Z^ Xm Z'^ — ^ Z'^ and 7ri3,7r24 : Z^ Xm Z^ — ^ y'^l, and similarly 
in (10). Furthermore, L'^^'^) stands for the dual line bundle L* and fi'^^"'^ for 
the isomorphism fi*^^ if 5(7) = —1. 



The surjective submersion of the 1-isomorphism ^iA^2 is the identity on 
Xm ^1721 whose projection to the base space M makes the 
diagram 



772 

^71 



772 
^71 



_^72 



M 



7i 



commutative. Further, jiAy2 consists of the line bundle A 



■^72 

e(7l) 



<:(7l) 
72 



over Z^^, 



and of the isomorphism a'^^'^' , which stands for ot*'^ if e(7i) = —1. Next, 
applying Definition 2.6 for the composition of two 1-morphisms to jiA^2 ° 
, we have to form the fibre product 

^71,72 ^71 xy^^ ^72 ^YXmY^,Xm y,l72 

with the surjective submersion ttis : Z'^^''^'^ — 9- Y XmY^^j^- The line bundle 

of the composition 7iAy2 o A^i is the line bundle 7rj|^2^7i ® ^23^72^^^ ^^^^ 
^71,72^ and its isomorphism is 



(id I 



'7r2356«7i'^'^) ° (7rm5"7i 



i id) : ttI^L (g) 7r45A, 



71 



72 



"72 



* 7- ' 



e(7i72) 
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Finally, we come to the 2-isomorphisms ^'71,725 whose surjective submer- 
sion uj is by assumption the identity on Z'^^'''^, so that they induce the 
isomorphisms 



^7172 



of line bundles over Z'^'^''^^ satisfying the compatibility condition (2) for 
2-morphisms, which, here, amounts to the commutativity of the diagram 
(turned by 90 degrees compared to (2) for presentational reasons) 



ttI^L (8) ttI^A^, ® Ke^2^^ 



1245 "^71® id 



(11) Trr.A,, ®7r5,L<Ti)(8)7r5*6A;^^) 



''"456'''ti,72 



25 

(71) 



2356"72 



^123*^71 ,72 ■< 



TTi^L <Sl 7I"46^7i72 



'1346 "71 72 



'1 13^7172 ^ T^se^ 



of isomorphisms of line bundles over Z'^i'T^ xm Z'^''-'"'^. The commutativity 
of diagram (8) from Definition 2.9 is equivalent to that of the diagram 



(12) 



"12^71 ^ ''23^72 "34^73 



■"'123 "^71 .72*' 



* A 5>, 4^(7172) 
^13^7172 ^ ^34^73 



■^12^71 ® ■^24^7273' 

"'124 "^71 .7273 



^134^7172.73 



<4 A 



717273 



of isomorphisms of line bundles over Z'''^''^^'^^ = Y Xm Xm l^^-yj 



717273 • 



Summarizing, a descended (F, e)-equivariant structure on the bundle gerbe 
G is 



1) a line bundle Ay over Z'^ of curvature curv(A^) = e(7)7r2C — 7r*C for 

each 7 e F; 

2) for each 7 € F, an isomorphism 

of line bundles over Z'' Xm Z^ such that the diagram (10) is commu- 
tative; 
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3) for each pair (71,72) G F x F, an isomorphism 

f 11,72 '■ ^12^71 ® '""23^72'''^^ ^ ■''"13^7172 

of Hne bundles over Z'^'^''^'^ such that the diagrams (11) and (12) are 
commutative. 

If the (r, e)-equivariant structure is normahzed, we have Ai := L and the 
isomorphism ai := 7r*24/x~''^ o irl^^^fi. The normahzation constraints ip^^i = 
PA^ and ipi^-y = X^^ imply ipi^i = ji. 

Next, we would like to compare two (F, e)-equivariant bundle gerbes. 

Definition 2.11. Let (F, e) he an orientifold group for M and let Q"" and 

he hundle gerbes over M equipped with {T ,e)-equivariant structures J"" = 
(v4", (^"^^^2) o,nd J^^ = (^^, (^^j ,^2); respectively. An equivariant 1-morphism 

is a 1-morphism B : Q"" — ^ of the underlying hundle gerhes together with 
a family of 2-isomorphisms 

r^^-.-iBoA'^^A^o B, 
one for each 7 G F, such that the diagram 



(13) 



7I72B O 71 ° ■^Jl 

7l»?72°id^?,, 



71.4^2 ° ^71 ° ^ ^ 



■ 7172-B o 



7172 



oidg 



^7172 



Ai^ oB 
"^7172 



of 2-isomorphisms is commutative. 



Equivariant 1-morphisms can be composed in a natural way: if 

(a", j'^) (g^ J') (a^ j'^) 

are two composable equivariant 1-morphisms, their composition consists of 
the 1-morphism B' o B : — ^ Q'^ and the 2-morphisms 

7(^' oB)oA^ = ^B' ojBoA^ jB' o > o B A^ o {B' o B) ■ 
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This composition is associative. We also have an identity equivariant 1- 
morphism associated to a (F, e)-equivariant bundle gerbe (Q, J) given by 
(idgjA^;^ • PAy)- An equivariant 1-morphism {B,ri^) is called invertible or 
equivariant 1-isomorphism if the 1-morphism B is invertible. In this case, an 
inverse is given by {B~^,r)~^). Hence, equivariant 1-isomorphisms furnish an 
equivalence relation on the set of (F, e)-equivariant bundle gerbes over M. 

Definition 2.12. Two twisted- equivariant bundle gerbes over M are called 
equivalent if there exists an equivariant 1-isomorphism between them. 



The set of equivalence classes of twisted-equivariant bundle gerbes over 
M will be further investigated in Sections 3 and 4. Let us anticipate here 
the following fact. 

Lemma 2.13. Every twisted-equivariant bundle gerbe is equivalent to one 
with descended twisted-equivariant structure. 



Proof. We recall Theorem 1 of [26]: for every 1-morphism A : Q — ^ TC, 
there exists a "descended" 1-morphism Des(^) : Q — H whose surjective 
submersion ( : Z — ^ Y Xm^' is the identity, together with a 2-isomorphism 
: A => Des(v4). For every 2-morphism (p : A"" => A^, there exists a 
2-morphism 

Bes{ip) : Des(^") =^ Bes{A^) 

such that the diagram 



A"" > Des(^'^) 



(14) 



Des{ip) 



A" 



^ BesiA") 



is commutative. For a given (F, e)-equivariant structure ^7 = (^7, ^71,72) on 
a bundle gerbe Q, we define A'^ := Des(^^) and '{>'^-^^^^ '■= Bes{ip^j^^y^). Due 
to the commutativity of (14), the new V'71,72 ^^ill satisfy condition (8) for 
(F, e)-equivariant structures. Then, the choices B = idg and r]y = a_A^ define 
an equivariant 1-isomorphism which establishes the claimed equivalence. □ 



We call an equivariant 1-morphism between bundle gerbes with normalized 
(F, e)-equivariant structures normalized if 771 : B o idga => idgb o is given 
by the natural 2-morphisms of the 2-category, rji = p^^ • Ag. We call an 
equivariant 1-morphism descended if the surjective submersion of B is the 
identity. 
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Let us, again, describe what an equivariant 1-morphism {B, J]^) is in terms 
of line bundles and isomorphisms thereof. We assume it to be descended for 
simplicity. The 1-isomorphism B : Q"" — ^ consists of a vector bundle B 
over Z ■.= Y°' XmY^ and of an isomorphism /? : 7r*3L" ® -k^^B 7rj|'2-B (g) 
'K^^L^ over Z^^ satisfying axiom (IMl). The composition ^B o ^ we have 
to consider is the 1-morphism with the vector bundle 'kXi^ ® ''^23^^^'^^ ^^^^ 

Zl := {Zy xya Z^ ^ Xm 17 Xm Y^, 

and with the isomorphism 

(15) (id ® 7r2*356/3'^^^) o (7ri*245< ® id) : ttI^L'' ® <,A-^ ® tts^^S^^) 

of vector bundles over (Z^)'^'. The other composition, o B, is the 1- 
morphism with the vector bundle 7r|2-B 7^23^^^ over 

Z^ := Z Xy» iZ'y ^Y^xmY'xm Y^, 
and with the isomorphism 

(16) (id 7r^356aT) ° «245P ® id) : t^u^" ® K5B ^ ^5*6^7 

of vector bundles over (Zj)'^'. The 2-isomorphisms ry-y correspond now to 
isomorphisms 

(17) ri^ : 7ri*2^« ® 7r^45^(^) ^ Tr^gS ® tt^^A''^ 

of vector bundles over Zj Xp Z^ ^ Y" Xm Y^ Xm Y'' Xm Y^, where P := 
XmY^, and these isomorphisms satisfy the compatibility condition 



(18) id(g)7rJe78J7^ 



"^1234 ^7® id 



7r*5L« (8) Tr*^B Tr^gA^ > tt^^B ® 7r*4A^ 7r|8(L' 
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where the horizontal arrows are given by (15) and (16), respectively. Finally, 
the commutativity of diagram (13) implies the commutativity of the diagram 



-;id 



id(gi7r2356?j^^'^i' 



(19) TTl^A^^^ ® TTlsS^Ti) ® TTleiA^^yM 



''^13^7172 ^ ^36-° 



"'1346^7172 



■7172 ■ 



For completeness, and as a preparation for Section 5, we would also like to 
introduce equivariant 2-morphisms. Suppose that we have (F, e)-equivariant 
bundle gerbes (^",^7") and {Q^iJ'^), and that we have two equivariant 1- 
morphisms {B,r]^) and {B' ,r}'^) between these. An equivariant 2-morphism 



is a 2-morphism (f) : B => B' which is compatible with the 2-morphisms 77-y 
and r]!y in the sense that the diagram 



jBoA^^^A^oB 



(20) 



7(/>oid^a 



jB' o 



>A^^oB' 



of 2-morphisms is commutative. 

In terms of morphisms between vector bundles, (j) is just a morphism 
4> : B — s- B' of vector bundles over Z = Y"" XmY^ which is compatible 
with the isomorphisms (5 and 13' in the sense that the diagram 



(21) 



13 



24-" 
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is commutative, and diagram (20) imposes the commutativity of 



(22) 



IT* 4" 



I TT. 



24 



Naturally, twisted-equivariant bundle gerbes, equivariant 1-morphisms 
and equivariant 2-morphisms form, again, a 2-category, but we will not stress 
this point. 



2.3 Jandl Gerbes 



In this section, we consider the particular orientifold group (Z2,id). The 
non-trivial group element of Z2 is denoted by k, and its action k : M — >■ M 
is an involution. According to Definition 2.9, a (normalized) Z2^-equivariant 
structure is a single 1-isomorphism 

Ak-.Q ^ k*g* 

and single 2-isomorphism 



such that 
(23) 



XAk • (id o ^pk,k) = PAk • (fcVl,fe ° id)- 



It is easy to see that this is exactly the same as a Jandl structure [23]: the 
1-isomorphism A := k*Ak '■ k*Q — 5- Q* and the 2-isomorphism ip defined by 



k*A- 



=^ idg o k*A 1 - ^* o o k*A > A* o idg > A* 

yield a Jandl structure as described in [26]. Hence, we will call a (Z2,id)- 
equivariant structure just Jandl structure and a (Z2, id)-equivariant bundle 
gerbe Jandl gerbe. 

Now, we elaborate the details of a Jandl structure, which we may assume 
to be descended according to Lemma 2.13. The 1-isomorphism Ak consists 
of a line bundle over Z'^ := Y Xm Yk of curvature 

(24) curv(Afe) = -(vTsC + vr^C) 

in the notation of Section 2.2, together with an isomorphism 

(25) ak ■■ ttI^L (g) TT^^Ak TTuAk ® 7124^* 
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of line bundles over Xm Z^ satisfying axiom (1M2). The composition 
k*^j^ o Ak is the 1-isomorphism with the surjective submersion id on 
^k,k 



Z'' Xy.Z^^Y XMYkXMY, 
the line bundle 7Tl2^k ® ^23^k o^^^'^ ^'^''^ isomorphism 
(id (g) 7r^356ar^) ° (^i245«fe ® id) : irl^L ® nl^Ak (g) ttIqAI 

of line bundles over Z*^'^ Xm Z^'^ . The 2-isomorphism (pk,k corresponds to 
a bundle isomorphism 

(26) (pk,k ■■ TTu^k ® T^h^k TTigL, 

compatible with ak by virtue of the commutativity of the diagram 
ttI^L (8) irl^Ak ® ttIqAI > Trl^Ak tt^^AI (g) 7r*gL 



■kI^L (2) 7r|gL ■ 



7rjf3L (8> tt^qL. 



(27) 



Finally, equation (23) gives the commutativity of 

^ 7ri2-4fe (g) 7r24L* 

^T^U^k- 



It is worthwhile to discuss a trivialized Jandl gerbe. This is a Jandl gerbe 
{G,J^) equipped with a trivialization, i.e. a 1-isomorphism T : Q — ^ Ip. 
Here, the 2-categorial formalism can be used fruitfully. In [26], a functor 

(28) Bun : Sjom(Ip^,Ip2) ^ ^un{M) 

is defined: for every 1-morphism A : Ip^ — ^ Ip2 between trivial bundle 
gerbes over M, it provides a vector bundle Bun{A) over M; and for every 
2-morphism f3 : A => A', it provides a morphism 

Bun{P) : Bun{A) Bun{A') 

of vector bundles over M. If the 1-morphism A : Tp^ — ^ Xp^ has a vector 
bundle A over ( : Z — ^ M xm M = M, the vector bundle Ban{A) is 
uniquely characterized by the property that Q*lBun{A) = A. Accordingly, 
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the rank n of 13un{A) is equal to the rank of A, and its curvature satisfies, 
by axiom (IMl), 

^ti{cuiv{Bun{A))) = P2- Pi- 
The functor Bun has the following compatibility properties: 

• l3un{A2 o Ai) = l3un{Ai) (8) Bun{A2) 

• Sxn(idiJ = 11 

• Bun{f*A) = f*Bun{A) 

• l3un{A^) = I3un{A)*, 

in which 1 denotes the trivial line bundle with the trivial flat connection. 

Let us return to the Jandl gerbe {Q, J') and the trivialization T : Q — ^ 2p. 
First, we form a 1-isomorphism TZ : Tp — 5- X_fc*p by composing 



(29) 



r- 



k*g* 



and a 2-isomorphism ijj : k*TZ^ o TZ => idj^ by composing 

fc*7^t o 7^ = T o k*Al o A;*rt-i ^ ^*^t oAko r-1 

idoijoid 

r o k*Al o idk*g* oAko r-i 

idop^j. oid 

Tok*AloAkoT-^ 

idoyjfc^fcoid 

T o idg o 7"~^ 
A^-oid 

ToT-i , 



(30) 



In this definition, we have used the 2-isomorphisms ii and v from (3) asso- 
ciated to the inverse 1-isomorphism k*T^~^ , and the 2-isomorphisms p and 
A from (4). Equation (5) assures that it is not important whether one uses 
A or p. 
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Now we apply the functor Bun to the 1-isomorphism TZ and the 2- 
isomorphism ip. The first yields a line bundle R := Bun{TZ) over M of 
curvature —{k*p + p), and the second (using the above rules) an isomor- 
phism 

4) ■- Ban{il}) : R k*R* 1 
of line bundles over M. Finally, condition (23) implies that 

(t)(g)idR = idij (g) k*(j)^ 

as isomorphisms from R Cg) k*R* (^i R to R. In other words, the pair (R, cp) 
is a fc-equivariant line bundle over M. Summarizing, every trivialized Jandl 
gerbe gives rise to an equivariant line bundle. 

Remark 2.14. One could also use the functor Bun to express a trivialized 
twisted-equivariant structure in terms of bundles over M in the case of a 
general orientifold group (r,e). The result is not (as probably expected) a 
T-equivariant line bundle over M but a family R^ of line bundles over M of 
curvature 7p — p, together with isomorphisms 

•^71,72 • -^71 ® Tl-^72 ^ -^7172 

of line bundles which satisfy a coherence condition on triples 71,72,73 € T. 

It will be useful to investigate the relation between the equivariant line 
bundles associated to two equivariantly isomorphic Jandl gerbes. Sup- 
pose that {Q°',>J"') and {Q^,J^) are Jandl gerbes over M with respect 
to the same involution k : M — ^ M, and suppose further that {B, rjk) ■ 
{Q"',J°') — ^ {Q'^^J^) is an equivariant 1-isomorphism. Let : — ^ Xp 
be a trivialization of Q"' and let := oB be the induced trivialization 
of Q°'. We obtain the /c-equivariant line bundles (i?",^") and {R'',<p'^) over 
M in the manner described above. 

Lemma 2.15. The 2-isomorphism rjk induces an isomorphism k : 
-R" — ^ R^ of line bundles over M that respects the equivariant structures 
in the sense that the diagram 

R''^k*{R'')* 

R''^k*(R'')* -^]. 

of isomorphisms of line bundles over M is commutative. 
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Proof. The 2-isomorphism 77fe : A;*B^o^^ => v4|oH induces an isomorphism 

ret o At o H-i AloBo B-^ Ai O idg, Al 

The composition of the above 1-morphisms with (T**)"^ from the right and 
with k*{T^)^ from the left yields a 2-isomorphism r/^ : TZ'^ => TZ^ according 
to (29). Then, we have k := Ban{rj'j^). It is straightforward to check that 
the 2-isomorphism r/^ and the two 2-isomorphisms ip"" and from (30) fit 
into a commutative diagram, such that applying the functor &Ln yields the 
assertion we had to show. □ 



3 Descent Theory for Jandl Gerbes 

In this section, we consider an orientifold group (F, e) whose normal subgroup 
To := ker(e) of F acts on M without fixed points, so that the quotient 
M' := M/Vq is equipped with a canonical smooth-manifold structure such 
that the projection p : M — ^ M' is a smooth map. We remark that there 
is a remaining smooth group action of T' := T/Tq on M' . We also still have 
a group homomorphism e' : V — >■ Z2, so that (r',€') is an orientifold group 
for M'. 

Theorem 3.1. Let (F, e) be an orientifold group for M with Fq acting with- 
out fixed points, and let (V, e') he the quotient orientifold group for the quo- 
tient M' := M/Fq. Then, there is a canonical bijection 

Equivalence classes I ^ j Equivalence classes 
of {T,e)-equivariant } ^\ of {V ,e')-equivariant 
bundle gerbes over M ) \ bundle gerbes over M' , 

Notice that Theorem 3.1 unites two interesting cases: 

1) The original group homomorphism e : F — s- Z2 is constant e{y) = 1. 
In this case, Fq = F and (F', e') is the trivial (orientifold) group. Here, 
Theorem 3.1 reduces to the well-known bijection 



Equivalence classes 
of F-equivariant 
^bundle gerbes over M ^ 



J Isomorphism classes of 
I bundle gerbes over M' 



This bijection was used in [12] to construct bundle gerbes on non- 
simply connected Lie groups G/Fq from bundle gerbes over the univer- 
sal covering group G. 
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2) The original group homomorphism e : T — > Z2 is non-trivial. In this 
case, r' = Z2 and e' = id. Here Theorem 3.1 reduces to a bijection 

{Equivalence classes \ ^ ( ^ . , , ^"1 

of fr e) e ui ariant f ^ j J Equivalence classes of I 
, „ ■ ' ^ I Jandl gerbes over M' J 

bundle gerbes over IVl ) 

We will use this bijection in [13] to construct Jandl gerbes over non- 
simply connected Lie groups. 



In the sequel of this section, we shall prove Theorem 3.1 assuming, for 
simplicity, that all equivariant structures are normalized. First, we start with 
a given (T, e)-equivariant bundle gerbe over M and construct an associated 
quotient bundle gerbe Q' over M' along the lines of [11]. 

By Lemma 2.13, we may assume that the (T, e)-equivariant structure is 
descended. If tt : y — ^ M is the surjective submersion of Q, the fibre 
products of the surjective submersion u : Y — M' with itself, defined by 

LU := p o TT, are disjoint unions 

Y Xm'Y ^ [_\ Z'' and Y Xm'Y Xm'Y ^ \J Z^i'T^. 

7ero (7i,72)er2 

We recall that the (T, €)-equivariant structure on Q in particular has a line 
bundle over Z'^ of curvature 

(31) curv(A^) = e(7)7r|C - vr^C 

for each 7 € T, and for each pair (71,72) € T^ an isomorphism 

'/'71.72 • ^12^71 ® ■""23^72'''^'' ^ ^13^7172 
of line bundles over Z^'^'^'^, such that diagram (12) is commutative. 

Definition 3.2. The quotient bundle gerbe Q' over M' is defined as follows: 

(i) its surjective submersion u : Y — >■ M' is the composition of the 
surjective submersion tt : Y — 9- M of Q with the quotient map p : 
M M'; 
(n) its 2- form is the 2- form C € ^^{Y) ofQ; 

(iii) its line bundle A over Y Xm' Y is given by the line bundle A\z-i '■= A^ 
over each component Z^ ofY x^^/ Y; 

(iv) its isomorphism is given by the isomorphism over each compo- 
nent ofYXM'YXM'Y. 

The axioms (Gl) and (G2) for the quotient bundle gerbe follow from 
and (12), respectively. 
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In the case of non-trivial e, we enhance the quotient bundle gerbe Q' to a 
Jandl gerbe. Let us, for simplicity, denote by r_ c F the subset of elements 
7 G r with 6(7) = — 1. To define a Jandl structure J'' on the quotient 
bundle gerbe Q' , we use the line bundles A-y over Z'^ for 7 G r_ (which have 
not been used in Definition 3.2), and the isomorphisms 957^,72 fc"^ elements 
71,72 G r with either 71 G r_ or 72 G r_ (which have not been used yet 
either). The 1-isomorphism 

(32) A'k : G' k*G'* 

is defined as follows: the fibre product P := Y Xm' Yu of the surjective 
submersions of the two bundle gerbes can be written as 

7er_ 

and the line bundle A'^^ over P is defined as A'^\z7 '■= A^. It has the correct 
curvature curv(yl) = — 7r2C — 7r*C in the sense of axiom (IMl). The two-fold 
fibre product has the components 

Pxm'P= y 

7i.72,73er_ 

Now, we have to define an isomorphism a of line bundles over P Xm' P, 
which is an isomorphism 

on the component Z'''i'')'2,73^ where we have a dual line bundle because the 
target of the isomorphism A is the dual bundle gerbe. We define this iso- 
morphism as the composition of 

^134'/'7l72,73 '^13^7172^^34^73 ^14^717273 > 

with no dual line bundle on the left since £(7172) = 1, with the inverse of 

^124 ¥'71 ,7273 717273 ■ 

The isomorphism a defined in this manner satisfies axiom (1M2) for 1- 
morphisms due to the commutativity condition (12) for the isomorphisms 
<P'yi,j2- This completes the definition of the 1-isomorphism A'l^. 

We are left with the definition of the 2-isomorphism (/^'^ ^ : k*A'^ o 
A'f^ => idgi for which we use the remaining structure, namely the 1- 

isomorphisms <^7i,72 with 71,72 G r_. The 1-morphism k*A2 ° A'j^ has a 
surjective submersion uj : W ^ Y X m' Y ^or W = Y X m' Yk M' Y . Upon 
the identification 

7i,72er_ 
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u is induced by the natural maps Z'l'i''''^ ^7172 Over the component 
^71.72^ the hne bundle of k*Ji!^ o A'^ is equal to 7r*2^7i ® ■K2^At^^ and we 
define the bundle isomorphism 99'^^|z^i,72 as 

¥'71,72 • 7172- 

Indeed, the 1-isomorphism idg has the line bundle of the bundle gerbe Q' 
which is ^7172 over Z'^'^'^'^ . The axiom for ip'^^ can be deduced from the 
commutativity condition for the 2-isomorphisms '/'7i,72- 

Finally, we have to assure that the 2-isomorphism ip'^ ^ satisfies equation 
(23) for Jandl structures. To see this, we have to express the natural 2- 
isomorphisms p_4 and A_4 by the given 2-isomorphisms </'7i,72- According to 
their definition, we find p^Iz"'i'"2 = 'P'yi,y2 '^ii'^ ^A\z'ii''f2 = ^^72, 71 for 7i € r_ 
and 72 G Tq. Then, equation (23) reduces to the commutativity condition 
for the 2-isomorphisms </'7i,72- This completes the definition of the Jandl 
structure J' on the quotient bundle gerbe Q' . 

The second step in the proof of Theorem 3.1 is to demonstrate that the 
procedure described above is well-defined on equivalence classes. For this 
purpose, we show that an equivariant 1-morphism 

(e,r?7):(g",:r«) {g\j'^) 

between (F, e)-equivariant bundle gerbes over M induces a 1-morphism B' 
between the quotient bundle gerbes Q"^' and Q^' . We may assume again that 
the 1-morphism B is descended. Then, it consists of a line bundle B over 
Z := Y°- XmY^, and of an isomorphism P of line bundles over Z Xm Z. The 
additional 2-isomorphisms correspond to bundle isomorphisms 

rj^ : Trl2A^ ® Tr*2^B<'^^ -kI^B ® t:*^A^^. 

of line bundles over xmY^ XmY^ XmY^^, see (17). 

The quotient 1-morphism B' is defined as follows. Its surjective submersion 
is the disjoint union Z of Z^ := Z Xyb {Z^V XmY^ ^mY^ over all 

7 G Fq, together with the projection 

whose codomain is the 7-component of the fibre product of the surjective 
submersions of the two quotient bundle gerbes. Its line bundle B' is defined 
as = B'^ := i^\2^ ® '''"23^71 which has the correct curvature: 

curv(B:^) = 7ri2Curv(S) -|- 7r23curv(^^) 

^*/-t6 I ^*/^& ^*/^& ^*/^i> ^*/^0' 
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In order to define the isomorphism of B' , we have to consider the fibre product 

ZXm'Z^ U Y'^XmY^Xm Y^ Xm Y^y Xm Y^y Xm Y^yy, 

7,7',7"ero 

and set 

^u^jY ® KmBj" = Tr*uA^y ® nl^B ® Trl^A^y, 

7rl^B^7r*^^A^^y^7r*^^A^y, 

TtI^B ® TT*2eA^^yyr 

id(S)7rJ369P^"^^,^„ 

This isomorphism satisfies axiom (1M2) due to the commutativity of the 
diagram for the isomorphisms ij-y from Definition 2.11 and the one for the 
(fit, ^„ from Definition 2.9. 

In the case of e non-trivial, we enhance the quotient 1-morphism B' to an 
equivariant 1-morphism 

between Jandl gerbes over M'. To this end, we have to define the 2- 
isomorphism 

(33) r]'k : k*B''^ o A'j^ =^ A'j^ o B' 

for k the non-trivial group element of F' ^ Z2, and A'j^ and A'^ the 1- 
isomorphisms (32) of the quotient Jandl structures on Q°' and Q'^' , re- 
spectively. Collecting all definitions, we establish that the 1-morphism 
k*B''^ o A'^ on the left has the submersion := Xya which, for 
Z = |J7Gro becomes a disjoint union over the fibre prod- 

ucts XmY^, Xm Y^, Xm Y^„ for 7', 7" G r_. Over this space, it has a 
line bundle A'' defined componentwise as 7r*2^y (8> 7r|3B* 'S> Tr^4{Ay_iy,)* . 

The 1-morphism A'^ o B' on the right has the submersion Z*" := Z Xyt 
which is the disjoint union of the fibre products Y'^ x mY^ x mY!^ x Yy,, with 
7 G To and 7" G r_, and over that, a line bundle defined componentwise 
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as 7r*2-B (g) TrlgA^ 7r34A^_iy,. The 2-morphism (33) is now defined on the 
surjective submersion 

W:= LI y" XM i;'^ XM XM Y:^, XmY^Xm Y^„ 
7ero,7',7"er_ 

with the projections 7ri246 to and vrissg to Z''' . We then declare the 
following isomorphism between the pullbacks of and A^ to W: 

7rif35®7r3*4A^,®7r|6(A^,_i^„)* 

It involves the isomorphism ryy belonging to the equivariant 1-morphism, 
see (17). Since 7' G r_ here, we have, by now, used all the structure of 
(S,r/-y). It is straightforward to check that these isomorphisms satisfy the 
compatibility axiom and make the diagram (13) commutative. 

We have, so far, obtained a well-defined map 

{Equivalence classes 1 J Equivalence classes 1 

of (r, e)-equivariant / ^ { of (E', e')-equivariant ) ■ 
bundle gerbes over M ) I, bundle gerbes over M'J 

In order to finish the proof of Theorem 3.1, we now show that q is surjective 
and injective. Let us start with the observation that the pullback Q := p*Q' 
of any bundle gerbe Q' over M' along the projection p : M — ^ M' has a 
canonical Eo-equivariant structure. This comes from the fact that Q = 7^ 
for all 7 € Eq, so that A^y := idg and 

'/'7i,72 ■= ^idg = Pidg ■ idg o idg =^ idg 
define a Eg-equivariant structure. 

Let us have a closer look at this Eo-equivariant structure. To this end, 
notice that Q has the surjective submersion Y := M Xm' Y' — ^ M whose 
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fibre products have, each, an obvious projection Y^^^ — ^ xhe line 

bundle L and the isomorphism /j, of Q are puUbacks of L' and /v/ along this 
projection. The 1-isomorphisms have the surjective submersion = 
yl^l and the line bundles A^ := L, see Example 2.4. The 2-isomorphisms 
¥'71,72 have the surjective submersions Z^'^''^'^ = yl^l and the isomorphisms 
¥'71,72 A*- 

We can, next, pass to the quotient bundle gerbe Q" . Its surjective sub- 
mersion is Y" := Y whose fibre products = Fq^^ x Y^''^ come, each, 
with an obvious projection to Y^'^^ In fact, the line bundle L" and the 
multiplication jj," for Q" are pullbacks of L and fi, respectively, along these 
projections. Summarizing, the quotient bundle gerbe Q" has the structure 
of Q' pulled back along the composed projections yl'^'l — *- Y'^''\ which are 
fibre-preserving. It is well-known that such bundle gerbes are isomorphic. 

Let, now, J'' be a Jandl structure on Q' consisting of a line bundle A'f^ 
over Z' := Y' Xm' Y^, and of an isomorphism a of line bundles over Z'^l. 
To the above canonical Fo-equivariant structure, we add 1-isomorphisms 
A'y : Q — ^ 7^/ for 7 e F_. The relevant fibre product Z'' = Yx mY^ projects 
to Z', so that the line bundle A^, is defined as the pullback of ^4'^ along this 
projection. Similarly, the isomorphism a' pulls back to the isomorphism 
of A^. The Jandl structure J'' also contains a 2-isomorphism <p'i^i^, which 
naturally pulls back to the 2-isomorphisms iP'yi,y2 that we need to complete 
the definition of a canonical (F, e)-equivariant structure on the pullback 
bundle gerbe Q. We conclude, along the lines of the above discussion, that 
{G, J) descends to a Jandl gerbe over M' which is equivariantly isomorphic 

to {g',j'). 

It remains to prove that the map q is injective. Thus, we assume that two 
(F, e)-equivariant bundle gerbes {Q'^,J°') and {Q^,J^) descend to a pair of 
equivariantly isomorphic Jandl gerbes {Q°'',J"'') and {Q^' ,J^') over M' . Let 
{B',r]'f^) be an equivariant 1-isomorphism between the latter Jandl gerbes. If 
we assume it to be descended, B' is based on the fibre product 

z' = y«' xm' y^' ^ y xm 

7Gro 

and the line bundle B' over Z' has components B'^. Its isomorphism is 

(34) ,72,73 ■ ^13^7172 ® ^34^73 ^ T^hBif^ ^ 7r24A^273- 

The additional 2-isomorphism r/j[. is, in the notation of Section 2.2, an iso- 
morphism of line bundles over 

Xp,Z!,^^ y y» X M Y^\ X M Y^^^^ X M y7'',7,73 , 
7l>72,73Gr_ 
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with components 

(35) (??fe)7l ,72,73 ■ T^U^^i ^ 7r24^7273 ^ TT^aS^^^^ ^^34^3 ' 

according to (17). Let us, now, construct an equi variant 1-isomorphism 

out of this structure. Its existence will prove that the map q is injective. 

The 1-isomorphism B : Q"" — ^ has the surjective submersion Y°- Xm 
and we take the line bundle B'^ over that space as its line bundle B 
(all the other line bundles B'^ with 7 7^ 1 are to be ignored). Similarly, 
the isomorphism f^'m serves as the isomorphism (3 of B. It remains to 
construct the 2-isomorphisms 77-y. For 7 G r_, these we define them as the 
isomorphisms 

(^fc)7,7-l,7 • ^1*2^7 ® ^2*4^1* ^ ^1*3^1 ® T^k^^-^ 

from (35), while for 7 € Fq, as the isomorphisms 

/3i,7,l ^^3^7 ® ^34^i <2B[ ® A4^\ 

from (34) (pulled back along the map that exchanges the second and the 
third factor). Finally, all the relations that these isomorphisms should obey 
are readily seen to be satisfied. 

4 Twisted-equivariant Deligne Cohomology 

In this section, we relate the geometric theory developed in Sections 2 and 
3 to its cohomological counterpart introduced in [14]. 

4.1 Local Data 

Let (F, e) be an orientifold group for M, and let C/ be a bundle gerbe over 
M with (F, e)-equivariant structure J ^ consisting of 1-isomorphisms A'^ and 
of 2-isomorphisms ¥'71,72 • We assume that there is a covering D = {Oijiej 
and a left action of F on the index set / such that 7(Oi) = 071, and such 
that there exist sections Si : Oi — Y. We define 

Mo := □ Oi 

and construct the smooth map 

s : M£) — ^ Y : {x,i) I — ^ Si{x). 
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There are induced maps s : M^' — 5- Y^''^ on all fibre products, where Mq 
is just the disjoint union of all non-empty /c-fold intersections Oi^.,.if, '■= 
Oi^ n ... n Oj^ of open sets in O. They may be used to pull back the 
line bundle L, the 2-form C and the isomorphism ^ of Q. Choose, now, 
sections aij : Oij — ^ s*L (of unit length) and define smooth functions 
gijk ■ Oijk U{1) by 

s*iJ,{aij ®ajk) = gijk ■ o^ik, 
extract local connection 1-forms A^j G Q^{Oij) such that 

S ^CFij = \Aij (Jij , 

where V stands for the covariant derivative, and define 2-forms Bi := s*C G 
Q'^(Oi). Axiom (Gl) gives the equation 

(36) dAij = Bj - Bi on Oij. 
Since /i preserves connections, one obtains 

(37) Aij - Aik + Ajk = ig:[jldgijk on Oijk, 
and axiom (G2) infers the cocycle condition 

(38) giji ■ gjki = giki ■ gijk on Oijki- 

One can always choose the sections aij such that Aij and gijk have the 
antisymmetry property Aij = -Aji and gijk = gj^k = 9ikj = 9kji- 

We continue by extracting local data of the 1-isomorphisms 

consisting, each, of a line bundle A^ over Z'^ = Y XmY^ and of an isomor- 
phism 

of line bundles over Z'^ Xm Z^ , see the discussion in Section 2.2. Note that 
s.y-ij07~^ : Oi — ^ Ky is a section into Ky, i.e. tt-j, 0(5^-1^07"^) = ido. , and 
so we get the map Sj : Mq — > Yy : {x,i) 1 — *- Sy-ii{'j~^{x)) compatible 
with the projections to M. Note that also cr.y-ij.y-ij oj~^ : Oij — ^ s*L is 
a section. Furthermore, we have a mixed map 

(39) Zy-.Mo^ Z-^: {x,i) ^ {si{x), s^-ii{j-\x))) 

into the space Z'^ . Note that tti o = s and -^2 o = s^, so that the 
pullback of a.y along z^ is an isomorphism 

z*ay : s*L (g) ■kIz*^A^ Trlz*Ay (g) s*L'('^) 

of line bundles over x^^M^ (the two maps tti, 7r2 above are the canonical 
projections from Mq Xm Mq to Mq). Choose new unit-length sections 
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aj : Oi — >■ z*Aj and obtain local connection 1-forms H] G ft^{Oi), as well 
as smooth functions Xij '■ Oij — *- U{1) by the relation 

z;a^{cjij ® a]) = xlj ■ {tJ ® ° 7"'))- 

In order to simplify the notation in the following discussion, we write 

(40) lfi:={{l-^rf,-Hr^^^ and := e(7)(7-')%-ii 

for J7(l)-valued functions /j and 1-forms Ilj, respectively, and likewise for 
components of generic p-form-valued Cech cochains encountered below. In 
this notation, axiom (IMl) gives 

(41) -Bi = dU]. 
Since a-y preserves connections, one obtains 

(42) ^A,,-A,=Ii]-iq-ixJi'dxJj, 
and axiom (1M2) gives 

(43) 19ijk ■ 9ijk ~ Xij ■ Xik ' Xjk ■ 

One can, again, choose the sections such that xjj = {x]i)~^- 

Finally, we extract local data from the 2-isomorphisms (/'7i,72- Consider 
the space Z'^^''^'^ =Yxm Xm ^172 and the isomorphism 

<^7l,72 ■ ^12^71 ® '""23^72'''^^ ^ ■^13^7172 

of line bundles over Z'^'I'T^. We use the map 
Z7,,72 : Mo Z^^'^^ 

to pull back the isomorphism </'7i,72 to Mq. Note that 7ri2 o 27^^72 = 2:71, 
7r23 o -^71 ,72 = -272 ° li^ and ttis ° -271,72 = -2^7172- Hence, we may use the 
sections a] : Oi — z*Aj to extract smooth functions f^^'"''^ : Oi — ^ ^^(1) 
by the relation 

From the requirement that (^71,72 respect connections, it follows that 

(44) 7inf - nji^2 + nji = i(/7^'^^)-M/7i'^^ 

The compatibility condition (11) for the 2-morphism (/57i,72 becomes 

(45) 7iX^^ ■ {xTr" ■ Xl] = if^'T' ■ 

and the condition imposed on the morphisms v'71,72 Definition 2.9, equiv- 
alent to the commutativity of diagram (12), reads 

^45^ ^^j72,73 . ^j7l72,73-j-l . j7l,7273 . ^^^71.72-^-1 _ ^ 
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Summarizing, the bundle gerbe has local data c := {B^, Aij, g^jk), and 
the (r, e)-equivariant structure has local data := (nj,x7y) and 071,72 •= 
ifi^'"'^)- If the (r, e)-equivariant structure is normalized, the mixed map 
zi : Mq — ^ = y[^] defined in (39) is zi = A o s, so we may choose 
aj := A*(Tji and obtain 11^^ = An = 0. With this choice, we find, for 
CKi = (1 (g) T^uAf^'^) ° (^i.siM 'J?' 1)) the local datum xjj = diij ■ 9ijj = 1- For 
(/?i,7, we get fl'^ = {Xii)~^9iii = 1, and, analogously, //'^ = Xii9iii = 1- 
Finally, /^'^ = gm = 1. 

Let us now extract local data of an equivariant 1-morphism 

{B,vj):{g,j) {g',j') 

between two (F, e)-equivariant bundle gerbes over M. We may choose an 
open covering £) of M with an action of F on its index set as above, such 
that it admits sections Sj : Oi — Y and s'^ : Oi — 5- Y' for both bundle 
gerbes. The 1-morphism B provides a vector bundle B over Z := Y Xm Y' 
of some rank n. Generalizing the mixed map (39), we have a map 

(47) z : Mo ^ Z : {x,i) {si{x),s[{x)). 

Just as above, we choose an orthonormal frame of sections af : Oi — ^ z*B, 
a = l,...,n, and obtain local connection 1-forms Aj G Q^(Oj,u(n)) with 
values in the set of hermitian (n x n)-matrices, alongside smooth functions 
Gij : Oij — >■ U{n) defined by the relation 

(z*V)< = \{K\^a\ 

z*P{aij0a]) = {Gij)tr{at0aij), 

where (3 is the isomorphism of B over ZxmZ and aij and cr^^- are the sections 
chosen to extract local data of the two bundle gerbes Q and Q' . Analogously 
to equations (41), (42) and (43), we have 

B',-Bi = itr(dAi), 

(48) Kj-Aij = Kj-GT^-K-Gij-iG-^'dGij, 

9ijk-9ijl = ^ik-Gj^ -G^j^. 

Again, the sections af can be chosen such that Gij = GJ^ . The 2- 
isomorphisms r/7 : jBoAj => A'^oB are, following the discussion in Section 
2.2, isomorphisms 

r/7 : 7112^7 O 7r|4B"('^) ^ tt^^B (g) n^^A^ 

of vector bundles over Zj Xp Z^ = Y Xm Y^ Xm Y' Xm Y^, see (17). We 
compose a map 

z^:Mo^ ZlxpZl :{x,i) {si{x),s^-ii{j'\x)),s'i{x),s' i-{j'^{x))), 
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into that space and define smooth functions Hj : Oi — >■ U{n) by 

Since rj^ preserves the connections, we obtain 

(49) 7Ai = (H^)-' ■^i-H2 + KH^r'dHj + - U] . 
The commutativity of diagram (18) implies that 

(50) ^G,, = ■ (xl,)-' ■ {Hjr' ■ G^y H] . 

Here, we have extended the notation of (40) to U (n)-valued functions and 
u(n)-valued 1-forms in the following way: 

7Aj := 

(51) 

iGi := 




(7-i)*G^ ife(7) = l 
{j-'YG^-^i ife(7) = -l 



with the overbar denoting the complex conjugation. These definitions coin- 
cide with (40) for n = 1. The commutativity of diagram (19) leads to 



(52) H^'^' . //i'^^ = • Hj' . 7ii7f 



Thus, an equivariant 1-morphism has local data (3 := (Aj,Gjj) and r]j := 
(iJ/) satisfying (49), (50) and (52). 

Finally, for completeness, assume that (j) '■ i^iV'y) =^ i^^'iV'^/) is an equi- 
variant 2-morphism, i.e. (f) : B — *- B' is a morphism of vector bundles over 
Z subject to the two conditions of Section 2.2. We use the map z : — *- Z 
from (47) to pull back (p and to extract smooth functions {Ui)J defined on 
Oi by 

Here, a = 1, . . . ,n and a' = 1, . . . , n', where n and n' are ranks of the vector 
bundles B and B', respectively. The condition that (f) preserves hermitian 
metrics and the connections yields 

(53) uj-Ui = l and Ai = uj ■ A'^ ■ Ui + iU^^dUi. 

The two remaining conditions, namely the commutativity of diagrams (21) 
and (22) impose the relations 

(54) G,, = C//-G^-t/, and Hj = uj ■ Hp ■ ^U^. 
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4.2 Deligne Cohomology-valued Group Cohomology 



It is convenient to put the local data extracted above into the context of 
Deligne hyper cohomology. We denote by U the sheaf of smooth U (l)-valued 
functions on M, and by the sheaf of q-forms on M. The Deligne complex 
in degree 2, denoted by 25(2), is the complex 

-W^^Ai 

of sheaves over M. Together with the Cech complex of the open cover D, it 
gives a double complex whose total complex K{'D{2)) 

(56) ^ A' ^ ^ 

has the cochain groups 

A^ = C^{U), 

A^ = C°{A^)®C\U), 

A^ = C^{A'^)®C\A^)®C^{U), 

A^ = C\A'^)®C'^{A^)®C^{U), 

and the differentials 

Doifi) = {-Ur'dfi, f-'-fi), 
DiO^i, Xij) = (dHi , -ix~j^dxij + - , xjk " Xik ■ X^^), 
D2{Bi, Aij,gijk) = {dAij - Bj + Bi , -'^g^ldgijk + ^jk — ^ik + ^ij , 

gjki ■ 9iki ■ 9^1 ■ gijk)- 

The cohomology of this complex is the hypercohomology of the double com- 
plex induced from (55). Its groups are denoted by EI*'(M,X'(2)). The local 
data c = {Bi, Aij, gijk) extracted above from the bundle gerbe Q are an el- 
ement of A^, and the properties (36), (37) and (38) show that D2{c) = 0. 
This is the Deligne cocycle of a bundle gerbe [9]. 

In [14], we turned the complex A^ into a complex of left T-modules, where 
the action of T is given by (40) and its extension to higher order forms. Thus, 
7C are the local data of 'jQ for the same choice of sections. The local data 
= {H],x]j) extracted above from l-isomorphisms Aj give an element 
bry ^ A^, and the properties (41), (42) and (43) amount to the relations 



7- 



(57) jc-c = Dib 

Furthermore, the local data a^^^^^ = {fj^'^'^) extracted from 2-isomorphisms 
"^71,72 ^ element a^^^^^ G A^^ , and its properties (44) and (45) are 
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equivalent to the identities 

(58) 71^72 ~ ^172 + ^2 = —-^^007172- 
The additional constraint (46) reads: 

(59) 710^72,73 ~ '^7172,73 ^71,7273 ~ ^7li72 ~ 

(where the right-hand side represents the trivial Cech cochain (1) in the 
additive notation). As recognized in [14], the equations above show that 
group cohomology is relevant in the present context. For each F-module A^, 
we form the group of r-cochains C'=(A") = Map(r'=,^"), together with the 
F-coboundary operator 

S : C''{A^) C'=+^(A") 

defined as 

(<^'^)7lv:7fc+l ~ 71^72, •••,7fc+l ~ ^7l72,.--:7fc+l 

+ ■•■ + %i,.--,7fc7fc+l + ("l) ^ ^7l,-,7fc- 

When expressed in terms of this coboundary operator, equations (57), (58) 

and (59) become 

(60) (^0)7 = D167 , (^^)7i.72 — ^-^0071,72 ciiid ('^a')7i ,72,73 = 0- 
These are equations (2.13)-(2.15) of [14]. In group cohomology, a cochain 
?^7i,...,7„ is called normalized if n7j_...^7„ = whenever some 7^ = 1. No- 
tice that the cochains 7/7 and 071,72 are normalized if the (F, e)-equivariant 
structure on Q is normalized. 

The coboundary operator 6 commutes with the differential D^, and so 
the groups C''{A"') form again a double complex. Its hypercohomology is 
denoted by ir{T, K{V{2))e), where the subscript e on K{V{2)) indicates 
that the action of F on the latter module is the one inherited from (40). 
The collection (0,67,071,72), representing the bundle gerbe Q with (F, e)- 
equivariant structure, defines an element in the degree 2 cochain group of 
this total complex. Equations (60) together with D2C = show that it is 
even a cocycle, defining a class in lP{r, K{T> (2))^). 

In the same way as above, local data /3 = {Ai,Gij) and tJj = {Hj) of 
an equi variant 1-isomorphism fit into this framework. The restriction to 
l-isomorphisms means that the functions A,j and H'^ take values in f7(l), 
and that the 1-forms Aj are real-valued. Notice that the conventions (51) 
coincide with the definitions (40) in the abelian case. Then, {3 ^ A^ and 
777 G A^ . Equations (48), equations (49) and (50), and equation (52) mean 

(61) c' = c + r>i/3 , h'^ = h^ + {5f3)^ + DQri^ 

and 071,72 = '^7ii72 ~ ('^^)7ii72- 
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These are equations (2.16)-(2.18) of [14]. Thus, (F, e)-equivariant bundle 
gerbes which are related by an equivariant 1-isomorphism define the same 
class in m^{T,K{V{2)),). 

Proposition 4.1. The map 

Equivalence classes 1 
< of(T,e)-eqmvanant > ^ B[\T, K(V{2)),) 
, bundle gerbes over M ) 
defined by extracting local data as described above is a bijection. 

Proof. This follows from the usual reconstruction of bundle gerbes, 1- 
morphisms and 2-morphisms from given local data, see, e.g., [24]. The 
reconstructed objects have the property that they admit local data from 
which they were reconstructed. Thus, in order to see the surjectivity, one 
reconstructs a bundle gerbe G, the 1-morphisms Ay and the 2-morphisms 
(^-yj^-y2 from given local data. The cocycle condition assures that all neces- 
sary diagrams are commutative, so that one obtains a twisted-equivariant 
bundle gerbe whose local data are the given one. To see the injectivity, as- 
sume that the class of the cocycle c of a given twisted-equivariant bundle 
gerbe {Q,J) is trivial, c = Di{d). Then, one can reconstruct an equivariant 
1-isomorphism (Q, J') — (Xq, JTo) from the cochain d. □ 

The geometric descent theory from Section 3 implies, via Proposition 4.1, 
results for the cohomology theories, namely a bijection 

whenever the normal subgroup Fq := ker(e) acts without fixed points so 
that (F', e') is an orientifold group for the quotient manifold M' . In the next 
section, we will use Proposition 4.1 in the opposite direction. 

4.3 Classification Results 

In this section, we present a short summary of the classification results from 
[14]. In general, there are obstructions to the existence of a (F, e)-equivariant 
structure on a bundle gerbe Q, and if these vanish, there may be inequivalent 
choices thereof. We use Proposition 4.1 to study these issues in a purely 
cohomological way. To this end, we are looking for the image and the kernel 
of the homomorphism 

(62) pr:lf{r,K{V{2))^)^ lf{M,V{2)) 

which sends a twisted-equivariant Deligne class to the underlying ordinary 
Deligne class. 
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As shown in [14], the image can be characterized by hierarchical obstruc- 
tions to the existence of twisted-equivariant structures on a given bundle 
gerbe Q. If we assume that the curvature of ^ is (F, e)-equivariant in the 
sense that jH = for all 7 G F, these obstructions are classes 

(63) oieH\M,U{l)) , 02 eH\r,H\M,U {!)),) 

and 03 G H^{r,H^{M,U {!)%). 

The latter two are F-cohomology groups, with the action of F on the coeffi- 
cients induced from (40). The class 02 is well-defined if oi vanishes, and 03 
is well-defined if oi and 02 vanish. 

Let us now discuss the kernel of the homomorphism (62), i.e. the question 
what the set of equivalence classes of twisted-equivariant bundle gerbes with 
isomorphic underlying bundle gerbe looks like. We infer that pr is induced 
from the projection 

(64) : (A«) A" 

p+q=n 

of chain complexes, whose cohomologies are W"'{T, K{'D{2))^) and 
]HI"(M, I'(2)), respectively. The kernel of forms, again, a complex whose 
cohomology will be denoted by Ti.^. Explicitly, a class in Ti^ is represented 
by a pair (67, 071,72) with 6-y G A^ and a-y^^j^ G A^ such that 

Di6^ = , ((56)71,72 = -Doa-yi,-^2 and (<5a)^i,^273 = 0- 

Equivalent representatives satisfy b'^ = bj + Do77-y and a^yj^-yj = 071,72 ~ 
('5??)7i,72 for a collection r]j G A^. Comparing this with equations (20) in 
[14], we conclude that the group Hr which we considered there is obtained 
from TL^ by additionally identifying cocycles {b^,ayj^^y^) and {b'^,a'^^^^^) if 
there exists a /3 E A^ such that Di/? = and b'^ = bj + {Sl3)^. 

Lemma 4.2. The group H? fits into the exact sequences 

^H'^ / H^{M,U{1)) ^M2(F,K(X'(2)),) ^^M2(M,X'(2)) 

and 

^ H\T, H\M, U{1)),) 7^2 ^ C\H\M, U{1))). 

Proof. The first sequence is just a piece of the long exact sequence obtained 
from the short exact sequence which is (64) extended by its kernel to the left, 
together with the well-known identification El''(M,P(2)) = if^(M, C/(l)) 
for = 0, 1 [4]. The second sequence can be obtained by the same trick: 



38 BUNDLE GERBES FOR ORIENTIFOLD SIGMA MODELS 



we project out another factor q'^ : ker(p") — >■ C^{A'^ ^) from the exact 
sequence of complexes, yielding a short exact sequence 

> ker(g)* ^ ker(p)» — ^ C^{A—^) ^ 

of chain complexes. The interesting part of its long exact sequence is 

C\H%M, U{1))) — H^{kei{q)) C\hHM, U{1))), 

for which an easy computation shows that i?^(ker(g)) coincides with 
ker(5|c2(j/o(M,t/(i))))- □ 

We have now derived results on the image and the kernel of the projec- 
tion (62). When the underlying manifold is 2-connected, H'^{M,U{1)) = 
H^{M,U{1)) = and H^iM,Uil)), = as T-modules, so that the 

obstructions (63) and Lemma 4.2 boil down to 

Proposition 4.3. Let M be a 2-connected smooth manifold and let G be a 
bundle gerbe over M with (r,e)-equivariant curvature. 

(a) Q admits (F, e)-equivariant structures if and only if the third obstruction 
class 03 G H^{T,U{l)c) vanishes. 

(b) In the latter case, equivalence classes of {T ,e)-equivariant bundle gerbes 
whose underlying bundle gerbe is isomorphic to Q are parameterized by 
the group H^{T,U{l)e). 

This was the starting point for the calculations in finite-group cohomology 
of [14]. Namely, on a compact connected simple and simply connected Lie 
group, there is a canonical family Qk of bundle gerbes with (F, e)-equivariant 
curvature for F a semidirect product of Z2 (generated by the C-twisted inver- 
sion g — ^ ( ■ g~^, with (, from the center of G) and a subgroup of the center 
of G. Since these Lie groups are 2-connected, the obstruction classes and the 
classifying groups for (F, e)-equivariant structures on Qk may be computed 
by calculations in finite-group cohomology. 

5 Equivariant Gerbe Modules 

Gerbe modules can be described conveniently as 1-morphisms [26]: 

Definition 5.1. Let G be a bundle gerbe over M. A Q-module is a 1- 
morphism 

s-.g ^ J^. 

The rank of the vector bundle of £ is called the rank of the bundle-gerbe 
module, and the 2-form ui is called its central curvature . 



K. GAW^DZKI, R. R. SUSZEK, K. WALDORF 



39 



Let us extract the details of this definition. We assume that the 1- 
morphism £ is descended in the sense that it consists of a vector bundle 
E over Y = Y Xm M. Similarly as in Lemma 2.13, this can be assumed 
up to natural 2-isomorphisms, see Theorem 1 in [26]. By axiom (IMl), the 
curvature of the vector bundle E satisfies 

^tr(curv(£;)) = tt*uj - C. 

The ^-module consists also of an isomorphism 

p : L (g) vTa^' ^ ttIE 

of vector bundles over y'^l which satisfies, by axiom (1M2), the condition 

(65) TTigp o (/i (g) id) = 7ri2/9 o (id (g) 7T23P) ■ 

The latter resembles the axiom for an action p of a monoid L on a module 
E, hence the terminology. The above definition of a bundle-gerbe module 
coincides with the usual one, see, e.g., [2, 10]. 

Definition 5.2. Let (F, e) be an orientifold group for M and let {Q^J) he 
a {T,e)-equivariant bundle gerbe over M. A {Q, J)-module is a 2-form u 
on M that satisfies the condition 70; = u for all 7 G F, together with an 
equivariant 1-morphism 

{s,p^) : ig,j) CI^.J^), 

where is the canonical {T,e) -equivariant structure on the trivial bundle 
gerbe 2^, from Example 2.10. 



Thus, a {Q, j7')-module is a ^-module £ : Q — >■ X^^ together with a 2- 
morphism 

for every 7 G F, such that the diagram 



C A A "^7172^ °¥'71,72 c A 

I1I2C o 71^1^2 o A^^ => 7172c- O A 



(66) 



7l5 O Ayi 



■7172 
^71 72 



is commutative for all 71,72 G F. We say that a (^, J')-module is normalized 
if the equivariant 1-morphism {£.,P'^) is normalized. 

We already discussed equivariant 1-morphisms in terms of vector bundles 
and isomorphisms of vector bundles in Section 2.2, so that we only have to 
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apply these results to the particular case at hand. We recall that the (F, e)- 
equivariant structure on Q consists of a line bundle A^. over Z^' of curvature 
curv(^-y) = e(7)7r2C — tt^C for each 7 G T, and of isomorphisms 

: ttI^L (8) TT^^Aj 7ri2^7 <8) 7r24L^^'''^ 

of line bundles over Xm subject to various conditions. The ^-module 
£ : Q — ^ consists of a vector bundle E over Y and of an isomorphism 
p : L 1^2^ — ^ T^iE over y^l satisfying (65). The 2-morphisms p-y are 
isomorphisms 



(67) 



TT^E 



of vector bundles over Z^ xp Zj, see (17), which is just Z'^ here. The 
compatibility condition (18) now reads 



(68) 



id(g)7r34P^ 

TTigL (8) TT^E 



* A 



TT%E<^^ 



2 

-kIE, 



and the commutative diagram (66), which is a specialisation of (19), becomes 



(69) 



'23^72 



13^7172 



* A 

^12-^11 



^ 13 P~f 112 



'TT^E'M 



'■12P71 



ttIE. 



Definition 5.3. A {Q'', J'') -module (^",/9^) and a {g\ j'') -module (^^p^) 
are called equivalent if there exists an equivariant 1-isomorphism {B,r]^) : 
(^",t7") — {G^,>7^) and an equivariant 2-isomorphism 



In particular, the bundle gerbes Q"" and G'^ are isomorphic, the 2-forms 
a;" and uj^ of the two gerbe modules coincide, and the two modules have 
the same rank. If the 1-isomorphism B has a line bundle B over Z and an 
isomorphism (3, this equivariant 2-morphism is just an isomorphism 

(70) U ■.B(^TT*2E^ TTiE'^ 



K. GAW^DZKI, R. R. SUSZEK, K. WALDORF 



41 



of line bundles over Z that satisfies the usual axiom for 2-isomorphisms and 
the additional equivariance condition (22), which now becomes the commu- 
tative diagram 

id(g)7r^4i/^(T) 

7r^2^" > ttIE". 




Concerning the local data of a {Q, ^7)-module, we only have to specialize 
the local data of an equivariant 1-morphism to the case in which the second 
bundle gerbe is a trivial one equipped with its canonical (F, e)-equivariant 
structure, see Section 4.1. Thus, let c = {Bi, Aij, gijk) be local data of 
the bundle gerbe Q with respect to some invariant open cover £), and let 
6^ = (nj,x7j) and a^^^^^^ = {f^^'"'^) be local data of the (F, e)-equivariant 
structure. Evidently, the trivial bundle gerbe 1^) has local data 
and its canonical equivariant structure JTLj has local data b'^ = (0, 1) and 
^71,72 ~ ^ i7)-module of rank n, i.e. an equivariant 1-morphism 

has local data /? = {Ai,Gij) and rj^ = (Hj) satisfying equations (48), (49), 
(50) and (52). Explicitly, we have 1-forms Aj G ri^(Oi, u(n)), and smooth 
functions Gij : Oij — U (ra) and Hj : Oi — >■ U (n) . The equations are 

u = Bi + Jtr(dAi) , Kj = Gj^^iGij - Aj + iGr^^lGij 

and Gij ■ Gjk = gijk ■ Gik- 

These are just the relations for an ordinary ^-module, see equations (2.3) in 
[10]. Equivariance is expressed by the relations 

(71) jG,j = {Hjr' . Gij . H] . {xir\ 

^717. ^ i77^-7ii??-(/7""^)-\ 
where we have used the conventions (40) and (51). 

If a (^, j7)-module {£,P'y) and a {Q' , J'')-module {£' , p'^) are equivalent in 
the sense of Definition 5.3, and (c, b-y, 0.71,72) and (c', b'^, o^j^^j) local data 
of the two gerbes, there exist local data {Ri, uij) and {hj) of the equivariant 
1-isomorphism {B.t]^..) satisfying equations (61). There are also functions Ui : 
Oi — 5^ U{n) coming from the equivariant 2-morphism v. If /3 = {Ai,Gij) 
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and = (Hj) are local data of {£,p^), and, similarly, f3' and p'^ are those 
of {£',p'^), equations (53) and (54) take the form 



Ri 



G'ij 
and 



'7 



-1 



A particular situation that we shall discuss explicitly is the orientifold 
group (Z2,id), and a bundle gerbe Q with (normalized) Jandl structure 
J = («4^fc) V'fe,*;)- In this situation, we call a (^, v/)-module a Jandl mod- 
ule. Given such a (normalized) Jandl module {£,pk), £ ■ G — ^ 'J^ui is a 
bundle-gerbe module whose curvature satisfies k*uj = —uj, and there is a 
single 2-isomorphism 

Pk : k*£^ oAk^£ 

such that the diagram 



(72) 



£ o k*Al o Ak 



fc*pJ.oid 



r^t o Ak 



1 ^ ido(pfc_fc 
' ^ ^ ■ £ o idg 



pk 



^£ 



of 2-isomorphisms is commutative. Still more specifically, we assume that 
there is a trivialization T : Q — >■ Ip. As discussed in Section 2.3, the triv- 
ialization and the Jandl structure induce a fc-equivariant line bundle (i?, 4>) 
over M of curvature —{k*p + p). This was obtained by applying the functor 
Ban of (28) to the 1-isomorphism 

7^ = k*T^ o Ak o : Ip I_k*p- 

In the same way, we form the 1-morphism £ o : Ip — s- 2^,, and get a 
vector bundle E := Bun{£ o T~^). We have, further, a 2-isomorphism 



k*{£ oT-^)^ on- 



k*£^ o k*T^-^ o fe*rt oAko 

idoi; oid 

k*£^ o idfe.g. oAkO 



k*£^ oAkO 
that induces, via Bin, an isomorphism 
(73) 1? : i? ® k*E* E 



^£oT-^ 
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of vector bundles over M. Finally, diagram (72) implies that this morphism 
is compatible with the equivariant structure on in the sense that the 
diagram 

R (g) k*R* (8) E R (g) k*E* 




of morphisms of vector bundles over M is commutative. Summarizing, ev- 
ery Jandl module for a trivialized Jandl gerbe gives rise to a vector bundle 
together with an isomorphism (73). 

In Section 3, we described the descent theory of twisted-equivariant bundle 
gerbes as a way to obtain (all) Jandl gerbes over a smooth manifold M'. In 
the same way, we have 

Proposition 5.4. Let (F, e) be an orientifold group for M with Fq acting 
without fixed points, and let (F',e') be the quotient orientifold group for the 
quotient M' := M/Tq. Then, there is a canonical bisection 

Equivalence classes of \ ( j? ■ i i t ■ 

\ . , , , / ^ Equivalence classes of equi- 



equivariant modules for \ ^ y ■ , j / /• /-n/ /\ 

. s . ■ / ( ^ I vartant modules for (i ,€)-eqm- 

, ,, , I I variant bundle qerbes over M' 

bundle gerbes over M ' 



Notice that the latter proposition unites (as did Theorem 3.1 before) the two 
cases of Fq = F and F/Fq = Z2. 

Since a (^, j7)-module is nothing but an equivariant 1-morphism between 
{Q-, J) and (2tj, Juj), we can apply the descent theory developed in Section 3 
and pass to an associated quotient 1-morphism. The only thing to notice is 
that the quotients are {I^)' = X^-' for the descended 2-form uj' G J7^(Af'), and 
(jT'u,)' = Ji^i. But this is clear since all involved line bundles are the trivial 
ones, and all involved isomorphisms are identities. This way, it becomes 
obvious how the map in Proposition 5.4 is defined and that it is surjective. 
It remains to check that it is well-defined on equivalence classes and injective. 
For this purpose, we have to amend the discussion of Section 3 by providing 
a descent construction for equivariant 2-morphisms. Suppose that we have 
a (^", J^")-module (^'',p^) and an equivalent (g^ J^^)-module (^^/5^), i.e. 
there is an equivariant 1-isomorphism {B,rij) : {Q"',J°') — ^ {Q'^iJ'^) and an 
equivariant 2-isomorphism 



(74) 
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We have to construct an equivariant 2-isomorphism 

(75) i.':{£",pt)o{B',v'k) =^ (^"^pH 

which guarantees that the quotient Jandl modules are equivalent. Notice 
that the 1-morphism on the right side has the vector bundle E^^ over F", 
and the one on the left side has a vector bundle over the disjoint union of 
Y"- x^Y^ Xjvf over all 7 G To, which is defined componentwise as vrJ^gi^'S' 
7^23^!^ <8) T^sE^. This follows from the definition of quotient 1-morphisms 
and from Definition 2.6. Thus, the 2-morphism we have to construct has 
components i/^ : 7r^2-^ ^ ^23^7 ^ ^3-^'' — ^ ttJ^E'", and we define them as 

ttI^B TT^gA^ Tr*E^ "^^"^ > ttI^B ® -kIE'' — ^ tt^S", 

where u comes from the given 2-morphism as in (70). It is straightforward 
to check that this, indeed, defines an equivariant 2-isomorphism. 

Conversely, if an equivariant 1-isomorphism 

(i3',4):(a"',J"0^ {Q''\J") 

is given, every equivariant 2-isomorphism (75) immediately induces an equi- 
variant 2-isomorphism (74) for {B,rj^) the equivariant 1-isomorphism con- 
structed on page 29. This shows that the map from Proposition 5.4 is injec- 
tive. 



6 Holonomy for unoriented Surfaces 

We show that a Jandl gerbe over a smooth manifold M together with Jandl- 
gerbe modules over submanifolds of M provides a well-defined notion of 
holonomy for unoriented surfaces with boundary, for example for the Mobius 
strip. This notion merges the holonomy for unoriented closed surfaces from 
[23] with that of the holonomy for oriented surfaces with boundary from 
[11,5]. In the first subsection, we discuss its definition in terms of geometric 
structures, and then we develop expressions in terms of local data. 

6.1 Geometrical Definition 

In short, holonomy arises by pulling back a bundle gerbe Q along a smooth 
map (f) : S — ^ M to a surface S, where it becomes trivializable for dimen- 
sional reasons. For any choice of a trivialization T : (ffQ — ^ Ip, there is a 
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number 



(76) 



Holg((/), S) := exp 




The integral requires S to be oriented, and its independence of the choice of 
T requires S to be closed. 

If S has a boundary, the expression (76) is no longer well-defined since 
a boundary term emerges under a change of the trivialization. We shall 
assume for simplicity that the boundary has only one connected component. 
Compensating the boundary term then requires choices of a Q-hrane [11, 5, 
10], a submanifold Q d M together with a ^|Q-module £ : Q\q — ^ T^. The 
maps 4) : S — ^ M which we take into account are now supposed to satisfy 
0(5S) C Q. HE is the vector bundle Bun{(j)*£ o T^^) over constructed 
in Section 5, the formula 



written in terms of the vector bundle E of £ is invariant under changes 
of the trivialization T. If the boundary is empty, it reduces to (76). A 
generalization to several t/-branes in the case of more than one boundary 
component is straightforward. 

If S is unoriented, e.g., if it is unorientable, it is important to notice that 
there is a unique two-fold covering pr : S — ^ S, called the oriented double, 
where S is oriented and equipped with an orientation-reversing involution 
a : E — >■ S that permutes the sheets of S so that E = S/o". To obtain 
holonomy for unoriented surfaces, two changes in the above setup have to 
be made [23]. First, the bundle gerbe Q has to be equipped with a Jandl 
structure, i.e. a twisted-equivariant structure with respect to an involution 
k : M — *- M. Second, the holonomy is taken for smooth maps : S — M 
which are equivariant in the sense that the diagram 



(77) 



Hol0,£((^,i;) := exp 



(i I •tr(HolB(9E)) G C 



\ Jt. J 



M 



k 



is commutative. This is just the stack-theoretic way to talk about a smooth 
map S — 9- M/k without requiring that the quotient M/k be a smooth man- 
ifold. 
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The pullback of the Jandl gerbe {G, J') along is a Jandl gerbe over the 
surface S, and hence triviahzable. As discussed in Section 2.3, any choice 
of a triviahzation T : (p*Q — ^ Ip defines a cr-equivariant hne bundle {R, 0) 
over E of curvature —{(T*p + p), which, in turn, descends to a line bundle R 
over S. To define the holonomy, we further need to choose a fundamental 
domain F of S in S. This is a submanifold F C S with (possibly piecewise 
smooth) boundary such that 

(78) Fna{F)cdF and FUa{F) = ±, 

see Figure 1 for an example. In the case of a closed surface S, it is a 



(a) (b) (c) 

Figure 1: (a) shows the Mobius strip, (b) is a 
Mobius strip (in the middle layer) together with its 
oriented double. The latter is an ordinary strip with 
a bright and a dark side, (c) shows a fundamental 
domain. 



key observation that the involution a restricts to an orientation-preserwin^ 
involution on the boundary dF, so that the quotient F := dF/a is a closed 
oriented 1-dimensional submanifold of S [23]. Then, the holonomy is defined 

by 

(79) iiolgM4>, ^) ■■= exp (i p) " Holij(F). 

This expression is invariant under changes of the triviahzation T and of the 
fundamental domain F [23]. In the case when the surface S is orientable, 
the oriented double S has two global sections s : S — ^ S intertwined by 
composition with the involution a. The choice F := s(S) with dF = 
satisfies Holg^j{4>,T,) = }iolg{(j) o s,S), where on the right side S is taken 
with the orientation pulled back by s from S. 

Below, we introduce a simultaneous generalization of the formulae (79) 
and (77) appropriate for unoriented surfaces with boundary. In addition to 
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the choice of a Jandl structure on the bundle gerbe G, the following new 
structure will be required. 

Definition 6.1. Let Q be a bundle gerbe over M and let be a Jandl struc- 
ture on Q with involution k : M — ^ M. A {Q , J)-brane is a submanifold 
Q C M such that k{Q) = Q, together with a {G,J)\q -module {£,pk). 

We consider maps (p '■ ^ — ^ ^ that satisfy the boundary condition 
4>{dTj) C Q. As auxiliary data, we choose a trivialization T : (l)*Q — ^ Xp 
and obtain the associated c-equivariant line bundle (i?, (p) over S. The pull- 
back of the Jandl module (<5, pk) along (j) to 5S yields a Jandl module for the 
trivialized Jandl gerbe: as discussed in Section 5, it induces a vector bundle 
E over 5S. A further auxiliary datum is, again, a fundamental domain F 
of S in S. In order to account for the boundary, we need to choose a lift 
(a closed one-dimensional submanifold) I C 9S of 5S. It is easy to see that 
these lifts always exist. 

Remark 6.2. If the boundary 9S consists of several components, one can 
choose a separate {Q, i7)-brane for each component I. It is easy to generalize 
the subsequent discussion to this case. 

We now define a one-dimensional oriented closed submanifold F that gen- 
eralizes the one used in the closed case. As a set, it is defined to be 



see Figure 2. This space is equipped with the structure of an oriented 



(80) 



F := ^i{dF\l) 




Figure 2: On the left, the Mobius strip with a 
fundamental domain as in Figure 1, together with 
a lift i of the boundary 9S (the thick line). On 
the right, the associated one-dimensional oriented 
submanifold F of S. 



one-dimensional piecewise smooth manifold as follows. Let U <Z F he 
a small open neighborhood. If C/ H 9S = 0, we have U = U/a with 
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JJ := pt:~^{U) C dF so that U is one-dimensional and oriented like in the 
situation for a closed surface. Otherwise, there exists a unique continuous 
section s : U — ^ OF such that s{U) n£ = 0. This section induces the struc- 
ture of a one-dimensional and oriented manifold on U. It is easy to see that 
the orientations coincide on intersections. 

Definition 6.3. Let J' be a Jandl structure on a bundle gerbe Q over M, 
let {Q,£,p) be a {Q , J)-brane and let 4> '■ S — ^ M be an equivariant smooth 
map with (t>{d'S) C Q. Given a trivialization 

let R be the induced line bundle over E, and let E be the pullback vector 
bundle over d'E. Choose, furthermore a fundamental domain F of T, in its 
oriented double E and a lift £ of the boundary of S. Then, the holonomy 
along (f) is defined as 

Bolg,j,£{4>,T.) := exp " Hol^(F) ■ tr (Hol^;(i)) . 

Obviously, the holonomy formulae (79) and (77) are reproduced for an 
empty boundary or an oriented E, respectively. In particular, formula (76) 
is reproduced for an oriented closed surface. 

Theorem 6.4. Definition 6.3 depends neither on the choice of the trivial- 
ization T nor on the choice of the fundamental domain F nor on the choice 
of the lift £. 

We give a complete proof of this theorem in the next section in terms of local 
data. Before we switch to local data, let us elaborate on those properties of 
the holonomy formula that can conveniently be discussed in the geometric 
setting. 

For example, one can check that the holonomy of Definition 6.3 is indepen- 
dent of the choice of the trivialization. If two trivializations T : (f)*Q — 2p 
and T' : — > Ipi are present, we form the composition 

The functor Bun induces a line bundle T := Ban{T' oT~^) over E of curvature 
p' — p. The holonomy of T captures the difference that arises in the first 
factor: 

(81) exp ^i p'^ = exp j^P^ ' ^xp j^P ~ 

= exp J p^ •Ho1t(5F). 
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Notice that Q := a*T (g) T is a hne bundle over S with a canonical cr- 
equivariant structure given as the permutation of the two tensor factors. 
From the definition of F, we find, for the holonomies of T and the descent 
line bundle Q, 

(82) RolridF) = Ho1q(F) • HoIt (I). 

Let R and R' be the cr-equivariant line bundles associated to the trivializa- 
tions T and T', respectively. We then obtain an isomorphism 

R^Q^R' 

of cr-equivariant line bundles over S, see the discussion after Definition 10 in 
[26]. For the descent line bundles, this implies an isomorphism R = Q®R', 

so that 

(83) Ho1q(F) • Ho1r/(F) = Ho1r(F). 

Concerning the vector bundles E and E' , note that we have a 2- 
isomorphism 

S o T'-^ oT' oT-^ ^8 o T-^ 
which induces, via the functor ^n, an isomorphism E' ®T = E oi vector 
bundles over 9S. This shows that 

(84) HolT(i) ■ tr {yLo\e'{I)) = tr (HolB(i)) . 

Formulae (81)-(84) prove that the holonomy in Definition 6.3 does not depend 
on the choice of the trivialization. 

Another result on the holonomy is 

Proposition 6.5. The holonomy for the unoriented surface S determines a 
square root of the holonomy for the oriented double, 

Proof. To see this, one chooses a fundamental domain F and a lift i for 
the first of the two factors on the left-hand side, and makes the choices 
F' := (t{F) and i' := a{i) for the second factor. The square on the left-hand 
side consists, after reordering of the factors, of 




and Ho1r(F) •Holij(F') = 1 (the latter identity follows from the fact that the 
submanifolds F and F' are the same sets, but with opposite orientations), 
as well as of tr(Hol£;(£)) • tr(Hol£(f )) = tr(Hol£(5E)). Altogether, this 
reproduces the holonomy formula (77) for S. □ 
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Finally, let us discuss what happens to the holonomy when we pass to 
equivalent background data. 

Proposition 6.6. Suppose that {B,rik) ■ {Q^.J") {Q^,J^) is an equi- 
variant 1-isomorphism between Jandl gerbes, that {£"',p"') and {£^,p^) are 
Jandl modules for {Q°'jJ°') and {Q^,J^), respectively, and that v : £^ o 
B => is a 2-isomorphism. Then, 

(85) Holga^ J-a^£a S) = llolgb ^Jb ^£b {4>, S) 

for any smooth equivariant map (f) : S — > M . 

Proof. We fix the choices of the fundamental domain F and of the lift £ for 
both sides of (85). To compute the holonomy on the right-hand side, we 
choose a trivialization T'' : (f)*Q^ — ^ Ip. It induces a trivialization := 
o B which we use to compute the left-hand side. Since and have 
the same 2-form p, the first factor of the holonomy formula from Definition 
6.3 is the same on both sides of (85). 

Associated to the trivialized Jandl gerbes (f>*{Q"', J"") and 0*(^^, J7''), there 
are cr-equiA'ariant line bundles over E, as discussed in Section 2.3. By Lemma 
2.15, these line bundles are isomorphic as equivariant line bundles and hence 
induce isomorphic line bundles i?" and Fl over E. Isomorphic line bundles 
have equal holonomies, therefore also the second factor of the holonomy 
formula from Definition 6.3 coincides on both sides of (85). 

Finally, we induce a 2-isomorphism 

o (T^)-i =^ £^oBo{T^o B)-^ o {T")-^ 

whose image under the functor Bun yields an isomorphism E^ — ^ E"" of 
vector bundles over 9E. Again, these vector bundles have equal holonomies, 
so that also the third factor coincides on both sides. □ 

Of course, it follows that equivalent Jandl modules have equal holonomies. 
We remark, however, that the 2-isomorphism u in Proposition 6.6 does not 
have to be equivariant. In other words, the holonomy from Definition 6.3 
cannot distinguish all equivalence classes of Jandl modules. 

6.2 Local-Data Counterpart 

Here, we rewrite the holonomy for unoriented surfaces (with boundary) from 
Definition 6.3 in terms of local data. Thus, let D = {Oi}i^i be an open cover 
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of M, with k{Oi) = Oki, that permits to extract local data, namely the data 
c = {B-i, Aij, gijk) of the bundle gerbe Q, the data b = {Ili,Xij) and a = (fi) 
of the Jandl structure J7 (see Section 4.1), and the data /3 = (Aj,Gjj) and 
(j) = (Hi) of the (^, i7)|Q-module {Q,£,p), see Section 5. The local data 
of the bundle gerbe satisfy relations (36) - (38). For reader's convenience, 
let us recall the relations between the local data of the Jandl structure and 
those of the gerbe module, specialized to the present case of the orientifold 
group (Z2,id). Concerning the Jandl structure, these are equations (41) - 
(43), namely 

(86) -k*Bki- Bi = (mi , -k*Akikj - Aij = Uj -Ui-ix~j^dxij 

and k*g^l,^. • gT^j = x'^ ■ Xil ■ Xji^ , 
as well as equations (44) - (46), namely 

(87) -k*Uki+Ui = ifr^dn , fc*XfeA,-x^, = /r'-/.- 

and k*f^^-fr^ = l. 
Concerning the gerbe module, these are equations (71), 

(88) -k*A:;~ = H-^ -Ai-Hi + iH-^dHi-Ui , 

k*G^j = Hr^- Gij ■ Hj ■ xTj^ and 1 = iJ^ ■ k*lhi • /r' • 

From the open cover D of M, an equivariant smooth map (p : S — ^ M 
induces an open cover of S with open sets Vi := (j)~^{Oi). Let T be a 
triangulation of S which is subordinate to this cover in the following sense. 
The preimage of each triangular face t G T in S is supposed to have two 
connected components, and we require that if t is one of these components, 
there exists an index i{t) G I such that t C The indices may be chosen 
such that 

i{(T{i)) = ki{t). 

For the edges e and the vertices v, we make similar choices of indices. 

According to the prescription from Definition 6.3, we have to choose a 
fundamental domain. As described in [23], this can be done by selecting one 
of the two components of the preimage of each face t G T, to be denoted 
by t. For a sufHciently well-behaved triangulation (e.g., one with trivalent 
vertices), 

(89) ^:=U^ 

teT 

is a smooth submanifold with piecewise smooth boundary, as required. The 
subsequent discussion does not use this assumption. Next, we have to choose 
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a trivialization T : <^*Q — >■ Ip. With respect to the cover Vi, it has local 
data 9 = {Qi,Tij) with 

(90) (/9,0,1) =<^*c + Di^. 

Finally, we choose a lift i of dT,. 

Equipped with these choices of F, T and £, we start to translate the 
formula of Definition 6.3 into the language of local data. The first factor is 

J^i := exp (^ij^p^= exp ^i ^ J_ i)j = exp ^i ^ ^'^*^i© + d®i©^ • 

Here, the orientation on t is the one induced from S. Using Stokes' Theorem 
and (90), we obtain 



i{i)i(e) + ®i(e) 

teT ^ •'^ ' eedt 

■ n '^*<iMe)i(*)(^) • ■ ^mo)^^- 

vEde 

Here, the edge e has the orientation induced from the boundary of t, and 
e{v, e) = ±1 is negative if, in this orientation, v is the starting point of e, and 
positive otherwise. We make two manipulations in this formula. First, the 
very last factor can be dropped since every vertex in a fixed face t appears 
twice, each time with a different sign of e. Second, many edges e appear twice 
and with different orientations, so that the corresponding integrals of Oi(e) 
cancel. More precisely, the edges which appear only once can be of two types. 
If e is a common edge of two faces and 1,2, we call e orientation-reversing 
whenever ii and t2 have no common edge (see Figure 3), and we denote by 
E the set of orientation-reversing edges. For each orientation-reversing edge 
e E E, we choose a lift e. The second type of edges which appear only once 
are those on the boundary of S. We denote the set of these edges by B. Any 
e G B belongs to a unique face t, and the lift t determines a lift e such that 
e G dt. We can now write the above formula as 



. n exp (i /e.(,) + a*e,,(,)) n (*) • -*^|fi(.)(*) 



e&B ^ ^ vede 
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\ tl e, 






e 









Figure 3: An orientation-reversing edge e between 
two faces t\ and t2 in S, which are hfted to different 
sheets. The edge e itself is, here, hfted to the same 
sheet as t\. 



The second factor T2 '■= Holjj(F) is more comphcated because the hne 
bundle R over S whose holonomy we need is only given abstractly as a 
descended cr-equivariant line bundle {R,(p) over S. As described in [23], we 
can compute its holonomy by integrating the local data of R along piecewise 
lifts of F, and then use the local data of its equivariant structure (p at points 
where the lift has a jump. According to the definition of R, its local data can 
be determined from the one of the trivialization T and the Jandl structure 
by the formula —0 + (j)*h + a*9. Thus, the line bundle R has local connection 
1-forms 

:= -Qi + (^*ni - a*Qu 
on Vi, and transition functions 

on Vi n Vj-. Its equivariant structure has local data /j. Mimicking the 
definition (80) of F, we fix the subset B C B consisting of those edges e for 
which e is not contained in the lift i of dT,. Note that F is simply- covered by 
the lifts e of edges in F U 5 we chose before. As remarked above, these lifts 
typically do not patch together, i.e. there exist vertices u G ei n 62 between 
pairs of edges ei, 62 G F U such that el fl 62 = 0. In order to take care of 
these, let us choose, for all vertices a lift v. Then, the second factor is 

(91) ^ = n -p (i /^^(d) n ^3)tS(^) • n ^f:if(^- 

Here, the sign in the exponent of the transition functions tpij is due to our 
conventions for the relation between connection 1-forms and transition func- 
tions of a line bundle. Notice that a vertex v contributes to the last factor 
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of (91) only if it belongs to the adjacent edges in E U B whose lifts do not 
patch together. 

As for the third factor, local data of the vector bundle E are provided 
by the expression — 9. For each edge e E B, we denote by the 
corresponding lift such that C £. Then, 

JP3 := tr (HolE(i)) = tr P fj exp ^i ^ 4>*^iie^) - ©^(e,-)^ 

where the symbol V indicates that the edges e have to be ordered according 
to the orientation on i (which is the one induced from dT,). Since we take 
the trace, it does not matter at which vertex one starts. 

We may now compute the product T\- T^- which is, by construction, 
the holonomy of Definition 6.3. We claim that all occurrences of and Tjj 
drop out: First of all, for each edge e E E, the contributions from J^i and 
JF2 are 

which is obviously equal to 1. For each edge e E B, we have contributions 
from all three factors, namely 

exp ■ ~ ^*®fei(e)) • exp ^i^ -©i(e|)^ 

By the definition of B, we have e = CT{e^), with opposite orientations. Hence, 
these contributions also cancel out. For the remaining edges e E B \B, we 
only have contributions from J^i and J^s, namely 

exp(i/e.(,)) n^f(*)-exp(i/ -e.(,^)) n 
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Here, we know that e = e^, so that these terms cancel out, too. Finally, we 
end up with the following local holonomy formula: 

Hol0,^,f(<^,S) 

= n-p (i ^rB^,^ n exp (^u*a,m^) n 
(92) • n -p 6 /^*n.(,)) n ^*xS)l(*) • n ^^ts^^ 

eeEUB - vede vede 

Let us briefly review where the particular terms come from. The first line 
pairs up the local data of the bundle gerbe with the triangulation of the 
fundamental domain. The second line takes care of the orientation-reversing 
edges. It pairs up the local data of the Jandl structure with lifts of these 
edges, and compensates inconsistent lifts. The third line pairs up the local 
data of the gerbe module with i. 

If the boundary is empty, i? = 0, then formula (92) reduces exactly to 
the one given in [23] for the holonomy of closed unoriented surfaces written 
in terms of local data. If the surface is oriented, we can make choices such 
that E = B = ^, so that the formula reduces to the one given in [10] for 
the holonomy of oriented surfaces with boundary. Finally, if the surface is 
oriented and closed, only the first line survives and reduces to the formula 
found in [1, 9]. 

We remark that the local data 6 of the trivialization have vanished com- 
pletely from the formula (92). This reflects the independence of Definition 
6.3 of the choice of trivializations demonstrated in the previous section. Sim- 
ilarly, Proposition 6.6 implies that (92) is independent of the choice of local 
data of the bundle gerbe, the Jandl structure and the equivariant gerbe 
module. It is a nice exercise to check this directly by showing that the lo- 
cal holonomy formula (92) is independent of the choices of the subordinated 
indices i, the lifts e and v_, and that it remains unaltered when passing to a 
finer triangulation or to cohomologically equivalent local data. In order to 
complete the proof of Theorem 6.4, it is then enough to show that the local 
expression (92) is independent of the choice of the lifts t of the faces of the 
triangulation T and of that of the lift I of the boundary i. 

Let us first suppose that we replace a triangle i by t differing from a{t) 
by the orientation or, in short, t = —cr{t). We write the first line of the local 
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holonomy formula (92) as 

n ^© 

teT 

where H{t) is the contribution of the face t with the choice t of the Hft. One 
obtains after simple algebra employing relations (86): 

Hit!) = Hit)-l[ 7(e) with /(e) := exp (i /rn,(,)) • H <^*x55gj(^)). 

To compute the changes in the second line, let Ef := dt D {E L) B) be the 
set of those edges of t that are either orientation-reversing or located on the 
boundary. We may assume that the edges e chosen for them satisfy e G dt. 
Under the replacement of t by i', the set Et changes to the complementary 
set of edges of t and we may assume that the edges e' chosen for them satisfy 
e E dt . We have using relations (87): 

(93) n ^(^')= n Ae)-^-n'^*/5r^(^)' 

eedt\Et eedt\Et vede 

where e denotes the edge in t projecting to e C t (with the orientation 
induced from t) and where we have used the fact that, for e Ef, e' and 
a{e) differ only by the orientation, i.e. e' = —(j{e). Note that 

n /(e) • n ^(^)~' = n ^(^) 

eedi eedt\Et eeEt 

which is a needed expression, a part of the original second line. The remain- 
ing factors 

n n^*/^r^(*) 

eedt\Et vede 

from (93) compensate the remaining changes in the second line. Indeed, 
again with e ^ dt and ^' = a{v), 

n • n • n • n ^*«r"^(*) 

eedt\Et vede; eedt\Et vede 

= n • n ^f§fi^) • n • n ^f^'^'i^ 

eedt\Et v'ede eedt\Et vede 

= n ■u^*f^if''\^) 

eedt\Et vede 

= n • n ^fi^^^ 

eeEt vede 
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where the last equahty follows from the identity 

eedi vede 

We infer that the local holonomy formula does not change when t is replaced 
hyt. 

Next we want to analyze the effect of the change of the lift of i from i to 
£' = —u{tj. Only the lines two and three of the local holonomy formula (92) 
change in this case. In the third line L3, we find a change of the form 

eeB 

Here we have used the relations (88) and tlie identities 

tr(G) = tr(G-i) and tr (e'^) = tr (e^^) 
valid for G G U{n) and A G u(n). In the second line L2 we find 

n n^i)- n 4>*f:if^iv) 

eeB\B v€dei 

where C £ is taken with the orientation inherited from i. Multiplying 
both lines together, we obtain 

4-4 = Ls-YiKe,)-^. n n 

eeB eeB\B vedeg 

On the right-hand side, we may pass back from to e^, = —a{e^) using 
(87): to obtain 

eeB eeB vedep 

and, for = cr(u), 

n n ^fm'^^ = n n ^ftir'^^) 

eeB\B vedig eeB\B v^ede-^, 

= n n *75f''"'(i.'), 

eeB v'edii, 

where the last equality follows from the obvious identity 

n n /j;"''(*') = i- 

eeB v'edif, 
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Upon performing all these transformations, we arrive at the formula: 

L's-L', = L3-n^(e,.)- n <^*4"'^®- 

Noting that e^, = e for e G .B, we identify the right-hand side with L3 ■ L2- 
This ends the proof of the independence of the local expression (92) of the 
lift i. 

Thus, altogether, the local holonomy formula (92) is independent of all the 
arbitrary choices made. Accordingly, also the geometric holonomy formula 
from Definition 6.3 is manifestly associated only to the bundle gerbe, its 
Jandl structure and its modules, and, of course to the equivariant map (f) : 
S M. This proves Theorem 6.4. 



7 Conclusions 

We considered in this paper manifolds M equipped with a closed 3-form H 
and an orientifold-group action. The latter is an action of a finite groTip T 
on M such that, for 7 G F, one has = e(^)H for a homomorphism 

e : r ^ {=1=1}. We introduced the notion of a (F, e)-equivariant (or twisted- 
equivariant) structure on a gerbe Q over M with curvature H. This notion 
extends that of a so-called Jandl structure introduced in [23], to which it 
reduces for F = {±1} and e(±l) = ±1. 

In the case of Fq = ker(e) acting on M without fixed points, equivalence 
classes of (F, e)-equivariant gerbes over M were shown to descend to equiva- 
lence classes of gerbes over M' = M/Fo, with (F'. e')-equivariant structures 
for F' = F/Fo and e' induced from e. For Fq = F, this gives a way to con- 
struct gerbes over M' from gerbes over M, and for F/Fq = Z2, it enables 
to construct gerbes with Jandl structure over M' . Working with local data, 
we showed that equivalence classes of (F, r )-equivariant gerbes can be iden- 
tified with classes of the 2"^^^ hypercohomology group of a double complex 
of chains on F with values in the (real) Deligne complex in degree 2. This 
identification permitted to study the obstructions to the existence of (F, e)- 
equivariant structures on a given gerbe Q with curvature H. In the case of 
2-connected manifolds, the unique obstruction takes values in the cohomol- 
ogy group H^iT ,U{\)e), where the coefficient group U{\) is taken with the 
action (7, u) 1 — ^ it^^''') of F. If this obstruction vanishes, equivalence classes 
of (F, e)-equivariant structures on Q are parameterized by cohomology classes 
in iJ^(F, ^7(l)g). This agrees with the purely local analysis of [14]. 
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In [14], these results were applied to the case of gerbes Qk with curvature 
H = -^ti g~^dg^^ over simple simply-connected compact Lie groups G, 
for integer k. We considered there the orientifold groups F = Z2 x -Z' with 
Z a subgroup of the center Z[G) of G acting on G by multiplication, and 
the non-trivial element of Z2 sending g € G to (Cs)"^ for C € ^(G)- In 
that paper, we also computed the classes [u] £ H'^{T,U{l)e) obstructing 
the existence of (F, e)-equivariant structures on the gerbes Qk and found the 
trivializing chains v such that u = Sv whenever [u] vanishes. These data 
enter an explicit construction of (F, e)-equivariant structures on the gerbes 
Qk that will be described in [13] in analogy to the construction of [12] for 
the orbifold group T = Z with trivial e. Such structures on Qk permit to 
construct orientifold WZW models for closed surfaces. 

With applications to the boundary field theories in view, we discussed 
above twisted-equivariant gerbe modules, and their equivalence, as well as 
the descent theory for them. These results will be used to construct boundary 
orientifold WZW models. The construction, extending the one of [10] for 
the orbifold case, is postponed to [13]. We also plan to compare in [13] our 
geometric approach to WZW orientifolds to the algebraic ones of [8, 3]. 

The (F, e)-equivariant structures on gerbes and gerbe modules are used to 
define the contribution of the i^-flux to the Feynman amplitudes of the orien- 
tifold sigma models. Such contributions describe the gerbe holonomy along 
surfaces in M defined by classical fields, with contributions from gerbe mod- 
ules in the case of surfaces with boundary. We discussed above the holonomy 
for surfaces in the particular case of Jandl structures in both geometric and 
local terms, extending the discussion of [23] to the boundary case. In [13], 
we shall relate the surface holonomy to the more standard loop-holonomy of 
connections on line and vector bundles with (F, e)-equivariant structures over 
spaces of closed and open curves ("strings") in M. Such structures will be ob- 
tained from twisted-equivariant gerbes and gerbe modules by transgression, 
see [11] for the discussion of the orbifold case. They play an important role 
in the geometric quantization of orientifold sigma models where the equi- 
variant sections of the bundles over the spaces of curves represent quantum 
states of the theory. This is the approach that we will adopt in [13] for the 
orientifolds of boundary WZW models. 
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